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Mathematical Foundations
For Data Science and Al
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Final Revision
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f(x) = f(x) =

-1

fl(x) = f'(x) = 342

General derivative of power function:

d
f)=xn e ()= f(x)—nx"1
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11 Derivatives ot Power Functions

- E=XEIrCISES
What are the derivatives of the following functions?

f(x) = 2x?

fx) = —x3

f(x) = 10x?

fx) = —x7
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Lecture
Summary

Function
f(x) = sin(x)
f(x) = cos(x)

f1x)
f(x) =¢€*

f(x) = log(x)

f(x) = cg(x)
f(x) = h(x) + g(x)
f(x) = h(x) X g(x)

f(g(h(x)))

Derivatives

f'(x) = cos(x)
f'(x) = —sin(x)

A gy —_1
[ (x)—f,(x)

f(x) =e*
d 1

alog(x) =2

f(x)=cg'(®)
f'(x) =h(x)+g'(x)
f'(x) = g(x)h'(x) + h(x)g'(x)

d df dg dh
Ef(g(h(x))) =g X an X dx
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L_ecture
11 Inverse Function

How to Find the Inverse of a Function?

1. The x and y values will switch in an inverse

f(x) =Vv2x—3 Wby =+2x —3
function, so replace the f(x) notation with y.

2. Next, replace every x in the equation witha y =v2x—3 ™ x = /2y —3

y, and every y with an x. xt=(J2y—3)2 >x2=2y—3 -2y =x2+3
3. Solve the new equation fory. 2 + 3

4. Replace the y with the 1 (x) notation. =~~~ 2

f—1(x) _ x%+3
2
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L_ecture

(k@ 1nverse Function

MIDOCEAI\I

— = 8
X 5y+

y=5x—-28)
f-l(x) _ 5(x _ 8)
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L_ecture

(k@ 1nverse Function

MIDOCEAN

EEEEEEEEEE ‘S SMART UNIVERSITY

"

CACTCISCS

Findf~1(x) for the following functions:

f(x)=2x+1 f(x)=—zx—5 f(x)=—%(x+3)

3
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Properties of the derivative - M|DOCEA|\I

EEEEEEEEEE ‘'S SMART UNIVERSITY
EXercise

The following table lists the values of functions g and h, and of their

derivatives, g' and h', for x = —2
2 2 -1 3 4

Let function f(x) defined as g(x) X h(x)

What is the value of f'(—2)?
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Properties of the derivative - M|DOCEA|\I

EEEEEEEEEE ‘S SMART UNIVERSITY

‘n\, ny ’ﬂm
CACICISE

The following table lists the values of functions f and h and of their

derivatives, f'and h’, for x = —1
-1 -3 -4 1 3

Evalute [f(x) X h(x)] at x = —1
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Lecture
11 Properties of the derivative —_— M|DOCEA[\I

EEEEEEEEEE ‘S SMART UNIVERSITY

-

EXercis

Let f be a function such f(—=1) = 3,and f'(—1) = 5
1
-~

Let h be a function defined as h(x) = f(x) X g(x), What is the value of h'(—1)?

Let g be function g(x) =
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Lecture
“ “ Properties of the derivative — M|DOCEA|\I

Let f(3)=—-1,and f'(3) =0
Let g(x) = x3.

Evalute — [f(x) X g(x)]atx =73
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L_ecture
11 Partial Derivatives

flx,y)

¢—I—¢

Partial derivative notation Partial derivative notation

/e
* o 0x

Partial derivative of f Partial derivative of f
with respect to x with respect to y
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Lecoldic
(I Partial Derivatives —_— MlDOCEAl\I

summary |

Solving function of two variables:

Find partial derivative of f with respectto x

= Treat all other variables as constants. In this case .
= Differentiate the function using the normal rules of differentiation.

Find partial derivative of f with respectto y

= Treat all other variables as constants. In this case x.

= Differentiate the function using the normal rules of differentiation. f, =
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_ecture

(K Partial Derivatives

MIDOCEAI\I

EEEEEEEEEE ‘S SMART UNIVERSITY

f(x,y) = 3x2

of

fx:£=3(2x)

of

= ———— = 3
fx Ox 6xy
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LLecture
Gradient Descent

If we want a new point that is closer to the
minimum, then that should be the old point

minus the slope.

. . Big steps
New Point = Old Point — Slope - can be chaotic

Xnew — Xold — f,(xold)

To take small steps so that we do not miss the

minimum point, simply multiply the slope by a

small number called the “Learning Rate”.

Xnew — Xold — af’(xold)
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LLecture
Gradient Descent

Gradient Descent:

Target: Finding the minimum of f(x)

Step (1): Define the learning rate (a ) and

choose a starting point (x,)

Step (2): Update x,, = x,,_1 — af ' (xp—1)

Step (3): Repeat (Step 2) until the minimum

point is reached
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LLecture
Gradient Descent

Gradient Descent:

Target: Finding the minimum of f(x)

Step (1): Define the learning rate (a ) and

choose a starting point (x,, y,)

Step (2): Update
xnew] _ [xold

Ynew - yold] —aVf(Xo1d) Yoid)

Step (3): Repeat (Step 2) until the minimum point

(x,y) Is reached
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LLecture

11. Summary

Method

a, +a,+a,+---+an
Square Loss function gyt %27 %

n
f
dx

The Gradient of f(x,y) Vf= af | — [%;

dy.
Gradient Descent Xnew = Xold — Of '(xold)
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Lecture
Summary

Logarithm Equal to

Product Rule log xy logx + logy

X
Division Rule lOg; logx —logy

Exponential Rule log x°¢ c logx

Method

The Gradient of f(x,y) - E;

Gradient Descent Xnew — Xold — af’(xold)
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L_ecture |

11 Newton’s Method —_— M'.Q?Q.EA|

BY EVERYONE'S SMART UNIVERSITY
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Lecture
The Hessian

X

fx(x,y)

X

frx(x,¥) Leibniz's | Lagrange’s
~» 4x -y < notation | notation

y Rate of change aZf

of f',(x, y) with — (x’ )
/fxy (J?C,, j‘/) respgct to x x> fxx Y

f(X, y) = sz + 3y2 — Xy < Rate of chan-ge aZf
of 'y (x,y) with ——
respectto y oy

]fyy (J‘C, y)
y X
- Rate of change 0?2
J y(x» y) fyx (x,y) of f',(x,y) with f //fxy (x,y)
> 6y — x < respect to y 0xady
y Rate of change azf

ff'y(x,y) with X,
]fyy(x’ y) Sespgctj.ctg’xwI dyox fyx( y)
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Lecture
The Hessian

X

» [x(x,y) <

> frx(X,Y)

|, ¥)
Vix = [fxy(x» | Yy =

o

frox(XY)  [ry(x,7)
fyx(%,Y) [y (x,7)

Hessian Matrix
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[rax(x,y)

> 4x —y <

LLecture
11 The Hessian
’V

X
X, e N
f=(x,y) Fry(x, )

flx,y) = 2x* + 3y* —xy — _1]

H =
X -1 6
fyx(x,¥) Hessian Matrix
> 6y —x <
1,

14

£ { 7
fyy(x, )
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LLecture
The Hessian
One Variable Two Variable

Function f(x) f(x,y)

f.(x,y) Rate of change w.r.t. x
fy(x,y) Rate of change w.r.t. y

_|fx(xy)
Vi = [fy (%,9)

fax(xY)  fxy(x, y)]
fyx(x,y)  fyy(x,y)

First Derivative  f'(x) Rate of change of f(x)

f''(x) Rate of change of the rate

Second Derivative of change f(x)

H(x,y) =
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Lecture
The Matrix

The Matrix Is a collection of numbers ordered in rows and columns. We would normally

denote a matrix with a capital letter, for instance, A

a1 AdAq12 Q13

Az 3 = Q21 Q22 aA33
azq, a3z AaA33].

|
3 Columns
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LLecture
The Dot Product
2 4 1
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Addition and Sulbtraction
MR of Matrices

The two matrices must have the same dimensions.

_F5+9]12+8 6+ 7
~|1-3+1 0+3 14+ (—5)

14 20 13
-2 3 9.
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Addition and Sulbtraction
MR of Matrices

The two matrices must have the same dimensions.
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Lecture
Matrix Multiplication

Using the same concept, the dot product, we can multiply two matrices. We can only
multiply a matrix of dimensions m X mn with a matrix of dimensions m X k.
The second dimension of the first matrix must match the first dimension of the

second matrix.

1. Matrices are nothing more than a
collection of vectors.

2. When we have a dot product, multiply a
row vector times a column vector.
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Lecture
The Transpose of a Matrix

The transpose of a matrix iIs found by interchanging its rows into columns or columns
Into rows. The transpose of the matrix is denoted by using the letter “T” In the superscript

of the given matrix.

— AT =[3 4 5T

Azx3 = [_53
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Lecture
The Identity Matrix

The identity matrix is the matrix that when multiplied by any other matrix it gives the

same matrix.
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LLecture
The Determinant of the Matrix

The determinant Is a special number that can be calculated from a matrix. The matrix has

to be square (same number of rows and columns).

a=[c ol - [

a
—) Xe . f
ey

s |A| =a(ei — fh) — b(di — fg) + c(dh — eg)
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L_ecture
11 Inverse of a Matrix

Inverse of a Matrix Is a matrix that on multiplying with the original matrix result in the

/ “Qa

Identity matrix.

—ve

~ad — bel—c _b]‘\—/

In other words: swap the positions of a and d, put negatives in front of b and ¢, and divide

everything by ad — bc (the determinant of the matrix)
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L_ecture
11 Inverse of a Matrix

4 71! 1 [6 —7]
2 6 T4x6-—7%x21—2 4 _[4X0.6+7Xx-0.2 4x-0.7+7x0.4
2X0.6+6x—-0.2 2x-0.74+6x0.4

How do we know this is the right answer?

4 7 v 0.6 -—-0.7

2 6 —-0.2 0.4

176 -7
=1_0[_2 4] _ 2.4—-—1.4 —-2.8+2.8
1.2—-1.2 —-1.4+2.4

710.6 —0.7

~1-0.2 0.4 _[1 0]
0 1

Non-zero determinants mean that the matrix has an inverse and a zero determinant, that the
matrix does not have an inverse.
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Lecture
Probability and Statistics

Subject

The complement rule P(A)=1-P4)

The Sum of probability (Disjoint-Events) The sum of all probabilities
Sum of Probabilities (Joint-Events) The sum of probabilities subtracted from Joint events
Conditional Probability P(AnB) =P(A) X P(B|A)

P(A) X P(B|A)
P(A) X P(B|A) + P(A") X P(B|A")
Bernoulli Distribution X~Bernoulli "Bern" (p)
Binomial Distribution X~Bionomial "B" (n,p)

Ae 4
Poisson Distribution P(y) =
y!

Bayes Theorem P(A|B) =
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Lecture
Probability and Statistics

Subject
n
The Mean 1/ani
i=1

Variance ¢ The average of the squared differences from the Mean

The Standard Deviation o [ 52

Normal distribution X~Normal "N" (u, 0?)
X—pu

Standardization

Z-Score
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Lecture
Probability and Statistics

Subject

=)_(—M0
S/\/ﬁ

T-distribution T

n
1 _
Estimate of SD - E X. — X)2
1=
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Lecture
Thank You
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