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- Fourier Series Formula

- Derivatives of Basic Trigonometric Functions

- Derivatives for other functions with Trigonometric Functions
- Important Relations for Trigonometric Functions

- Extra Practice
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Fourier Series Formula ill
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First let us write down a full series of sines and cosines, with a name for all
coefficients:

(0 o) (00)
ao T : T
f(x) =— + n;l an cos(nxT) + n;l bn snn(nxT)

Where:
e f(x) is the function we want (such as a square wave)

e L is half of the period of the function

e ap, a and b, are coefficients that we need to calculate!
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Derivatives of Basic Trigonometric Functions
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Let’s sketch the graph of the function:

f(x) = sin x and use the interpretation of /’(x) as the slope of the

tangent to the sine curve 1n order to sketch the graph of /.
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Then, it looks as if the graph of f” may st

be the same as the cosine curve. | x/{/

Y

Y4

- /
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d d

—(sInx) =cos x —(cscx) =—cscxcotx

dx dx

d . d

—(cosx)=—sinx —(secx)=secxtanx

dx dx

d d

— (tanx) =sec” x —(cotx) =—csc” x

dx dx
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Let’s try to confirm
our guess that, if f(x) = sin x,

then f’(x) = cos x.



Derivatives of Basic Trigonometric Functions

From the definition of a derivative, we have:

Fx+h)— f(x) sin(x + ) — sin x

f'(x)=lm = lim
h—0 h h—0 h
. sinxcosh+cosxsinh —sinx
= Iim
h—0 h

= lim —
h—0 h h

] (cosh—lj (sinhﬂ
= lim| sin x + COS X
h—0 h h

. . cosh—-1 . . smh#h
= limsin x-lim + limcos x-lim
h—0 h—0 h h—0 h—0

SIn xCcos/h —sin x cosxsinh}
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L . cosh—-1 . . sinh
limsin x-lim Flimcos x - Iim
h—0 h—0 h h—0 h—0 h

Two of these four limits are easy to evaluate.
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Since we regard x as a constant when computing a

limit as 27 — 0, we have:

limsimx =simnx
h—0

limcosx = cosx
h—0
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cosh—1 . . SInh
f'(x)=lmsin x-lim +limcos x-lim
h—0 h—0 h h—0 h—0 |

=(sinx)-0+(cosx)-1

= COS X

12



Important Relation I 1
MIDOCEA

UNIVERSITYl

sin &
tan@ = cosé
0083 cot8— W
secf = 1 cscld = L
cos@ sind@

tan@cotd = 1
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sin28+c0328= 1 csc @ —cot? 8= 1
seczt?—tan28= 1 1+tan2 = 12
cos“ @
2 1
14+ cot“ @ =

sin’ @

14
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Differentiate:

y = X% sin x.
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y = X% sin x.

Using the Product Rule and Formula 4, we have:

dy =X’ i(smx) + smxi(x )
dx dx dx

= x> cosx +2xsinx

Lecture 4 Dr. Israa Lewaa Mathematics 3 .
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Differentiate

y = tan X.

18



Example 2 Solution

i(tanx): d (sinxj

dx dx\ cosx
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COS X a (sin x) —sin x a (cos x)

dx dx
cos” x
COS X - COS X — SIn x(—sin x)

2
COS X

2 - 2
Cos” x+sIn” x 1 )
= 5 =———=8eC" X
COS” X COS” X
d )
—(tan x) =sec” x
dx

19
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Differentiate

SCC X

J(x)=

I +tan x
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(1+ tan x) a (sec x)—sec xi (1+tan x)

f '()C) — dx dx

(1+tan x)2

I+ tan x)sec x tan x —sec x -sec” x
(1+tan x)”

sec x(tan x + tan” x —sec” x)
(1+tan x)°

sec x(tanx —1)
(1+tan x)’

21
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Find:

The 27th derivative of cos x.
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Example 4 Solution

The first few derivatives of f(x) = cos x

are as follows:

f'(x)=—sinx
f"(x)=—cosx
f"(x)=smnx

Y (x)=cosx

FP(x)=—sinx
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We see that the successive derivatives occur
in a cycle of length 4 and, in particular,
f"(x) = cos x whenever #n is a multiple of 4.

Therefore, 1 ?*¥(x) = cos x

Differentiating three more times,

we have:
fCD(x)=sinx

Lecture 4 Dr. Israa Lewaa Mathematics 3 )



Extra Practice — Example 5

Find y

y=Xx"cotx

Lecture 4 Dr. Israa Lewaa

Mathematics 3
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y=Xx"cot x.

y'= 3x’cotx+ x’ (— csc’ x)

=3x?cotx—x’csc x
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Find f(%)

if il x)=5sinx+cos x.
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fl x) = 5 sin x + cos x.
f'(x) = S cosx — sinx
f'(%t‘)=5cm%-sin%
32 /2 _4/2
=2%= - =2
:2/5
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Differentiate

g(z) = 3sec(z) — 10 cot(x)
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g (z) = 3sec(z) — 10 cot(x)

g (z) = 3sec(z)tan(z) — 10 (—csc2 (z))
= 3sec(z) tan(z) + 10csc? ()

30
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Differentiate

h(w) = 3w * — w? tan(w)

31



Example 8 Solution 1
MIDOCEA

UNIVERSITYl

h(w) = 3w * — w? tan(w)

K (w) = —12w ° — (2wtan(w) + w?sec? (w))

= —12w ° — 2wtan(w) — w’sec? (w)
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Differentiate

y = 5sin(z) cos(x) + 4 csc(x)
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Example 9 Solutions

y = Hsin(z) cos(z) + 4 csc(x)

y' = 5cos(z)cos(z) + 5sin(x) (— sin(x)) — 4 csc(z) cot(z)

— 5cos’ (z) — Bsin’ () — 4 csc(z) cot(x)
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Differentiate

sin(t)

P(t) = 3 — 2cos(t)
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cos(t) (3 — 2cos(t)) — sin(t) (2 sin(t))
(3 — 2cos(t))’

P'(t) =

3cos(t) — 20.,{}52 (t) — 251112 ()
(3 — 2cos(t))”

3cos(t) — 2 (cos? (t) + sin’ ()
(3 — 2cos(t))’

3 cos(t) — 2
(3 — 2cos(t))’

36
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Find the derivative of

f(z) =5z’ sinz
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. d
f o E-' r3 . E L r' 3
f(z) = —dm(ﬂ )-sinz o (sinz) - b

— 1522 . sinz + cos - 5x°.
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Fourier Series Formula

Derivatives of Basic Trigonometric Functions

Derivatives for other functions with Trigonometric Functions

Important Relations for Trigonometric Functions

Extra Practice
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