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The objectives of this lecture is to.

 Understand Dynamic Programming
 Use Dynamic Programming to workout value functions and optimal policies
 Understand Policy Evaluation vs. Control

 Understand and explain Iterative Policy Evaluation
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Dynamic Programming

» Dynamic Programming is a general
algorithm design technique for solving
problems defined by recurrences with
overlapping sub-problems

» Main idea:
- set up a recurrence relating a solution to a larger
instance to solutions of some smaller instances
- solve smaller instances once
- record solutions in a table
- extract solution to the initial instance from that table
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Example: Fibonacci numbers

Recall definition of Fibonacci numbers:
o An) = An-1) + An-2)

+ AO) =0

+ A1) =1

Com?utlng the m Fibonacci number recursively (top-
down

An)
F{n-lmﬂn-Z)
An-2) An-3) F(n-wn—ft)
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Example: Fibonacci numbers

« Computing the 7t Fibonacci number using bottom-
up iteration and recording results:

A0) =0

Al) =1

A2) =140 =1

0 1 1 . F(n-2) F(n-1)| F(n)
An-2) =

An-1) =

Rn) = An-1) + An-2)
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Example: Coin-row problem

» There is a row of 7 coins whose values are
some positive integers 1, cz,...,C,, hot
necessarily distinct. The goal is to pick up the
maximum amount of money subject to the
constraint that no two coins adjacent in the
initial row can be picked up.

»E.g.: 5, 1, 2, 10, 6, 2. What is the best
selection?

www.midocean.ae
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DP solution to the coin-row
problem

» Let F(n) be the maximum amount that can be
picked up from the row of n coins. To derive a
recurrence for F(n), we partition all the allowed
coin selections into two groups:

» those without last coin - the max amount is ?
those with the last coin -~ the max amount is ?

Thus we have the following recurrence
b F(m = max{c,+ F(n-2), F(n-1)} for n> 1,

3 F(0O) = 0. F(1)=t www.midocean.ae
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DP solution to the coin-row
problem (cont.)

F(n) = maxi{c, + F(n-2), F(n-1)} forn> 1,

F(0) =0,

Max amount: 17/

F(1)=c

Coins of optimal solution: {c1, ¢4, c6} 2 Back-tracing (record results)

Time efficiency: O(n)
Space efficiency: (n)

Note: All smaller instances were solved.

index 4 6
coins 10 ) 2
F( ) 15 15 17
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Example: Coin-collecting by robot

Several coins are placed in cells of an nxm board. A robot,
located in the upper left cell of the board, needs to collect as
many of the coins as possible and bring them to the bottom
right cell. On each step, the robot can move either one cell to
the right or one cell down from its current location.

1 2 3 3 3 ]
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Solution to the coin-collecting
problem

Let F(/,/) be the largest number of coins the robot can collect
and bring to cell (7)) in the th row and jth column.

The largest number of coins that can be brought to cell (4,):

from the left neighbor ?
from the neighbor above?

The recurrence:
F(r, ) = max{F(~=1, ), F(, =D} +¢; forl = 7=n 1 </
<m
where ¢, = 1if there is a coin in cell (1)), and c;= 0
otherwis

FOO,)=0for1 =/y=m and F(/,0)=0for1 =/=< n.

www.midocean.ae
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Solution to the coin-collecting

problem (cont.)

1 4 E 5] 1 3 4 B a
0 11 0 0 K] i 1
2 ] 8] 21 0 1 1 z 2
[ O 2| 0 | 1 ] 3 4
o 41 0 1 2 3
5| @ o sl 1 |1 | 2 4| s
ibi
1 3 A 5 &
1 a
2z b = ?
R
. o +
Bl O fa] l

1)

{al Coins to collect &l Dynarnic programming algorithm results, (¢ Two

paths to collect 5 coins, the maximurm nurmber of coins possible.
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Policy evaluation is the task of determining the value function for a
specific policy.

Control is the task of finding a policy to obtain as much reward as
possible.

In other words, finding a policy which maximizes the value function.
Control is the ultimate goal of reinforcement learning.
But the task of policy evaluation is usually a necessary first step.

Dynamic programming algorithms use the Bellman equations to
define iterative algorithms for both policy evaluation and control. www.midocean.ae
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Policy evaluation

 TItis the task of determining the state value function v, for a particular policy 7.

Policy evaluation m — v,

* Remember, the Bellman equation reduces the problem of finding v, to a system of
linear equations, one equation for each state.

vr(s) = Xo m(als) X T, p(, 7l 0) [+ 70r ()]

* So the problem of policy evaluation reduces to solving this system of linear equations.
But in general this might not be practical when dealing with large MDP

Recall that

»| Linear System >
]T’p ’ y Solver v]T

In practice

T Dynamic .
9P,}' — Programming r— vJT www.midocean.ae
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It the task of improving a policy.

* Remember, here we say s, is strictly better than s, because s, is at least as good as or better
than 77, and there's at least one state where the value under 7, is strictly greater than the value

under 7.

Value

A

State ™

(s)>v,(s5)

7, is strictly
better than x,

* The goal of the control task is to modify a policy to produce a new one which is strictly better.

e Moreover, we can try to improve the policy repeatedly to obtain a sequence of better and better

policies Control is the task of improving a policy
Value Optimal Policy
- www.midocean.ae
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* Dynamic programming uses the various Bellman equations, along with knowledge

of p, to workout value functions and optimal policies.

* (Classical dynamic programming does not involve interaction with the
environment at all.

* Instead, we use dynamic programming methods to compute value functions and
optimal policies given a model of the MDP.

Dynamic . .
ﬂ,p,}' — Programming — Vﬂ Policy Evaluation

PsY —— Dynamic |_, 7T.. Control
Programming

www.midocean.ae
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Iterative Policy Evaluation

* The idea of iterative policy evaluation is to take the Bellman equation and directly
use it as an update rule.

* This procedure iteratively refine our estimate of the value function.

* This will produce a sequence of better and better approximations to the value
function.

v(s) = Y wals) Y, Y, p(ssrls,a)[r + ()]

Update Rule 1

Vii1(s) < Z n(als) Z Zp(s’,rls,a)[r -4 yvk(s')]

www.midocean.ae
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We begin with an arbitrary initialization for our approximate
value function, let's call this V.

Each iteration then produces a better approximation by using
the update rule.

Each iteration applies this updates to every state, s, in the state
space, which we call a sweep.

Applying this update repeatedly leads to a better and better
approximation to the state value function V.

If this update leaves the value function approximation
unchanged, that is, if V, , equals V, for all states, then V, equals
V., and we have found the value function.

This is because V, is the unique solution to the Bellman
equation

Approximated
Value

Approximated
Value

State

A

\vs/\

Approximated
Value

»>
State

\",;/\ For any v,

limy, =y,

Approximated
Value

State

> .
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We store two arrays, each has one entry for every state.

* One array, which we label V stores the current approximate value function. Another
array, 1V, stores the updated values.

* By using two arrays, we can compute the new values from the old one state at a time
without the old values being changed in the process.

* At the end of a full sweep, we can write all the new values into V ; then we do the

next iteration
V \7 V Vv’ ' \'“ \ 71'” Vv’ V 7\7"

.

( i —
e N —
78 B8 NG B-

|

A Full Sweep

www.midocean.ae
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* Assume we have an episodic MDP with terminal states located in the top left and
bottom right corners.

 Since the problem is episodic, let's consider the undiscounted case of gamma equals 1.
* There are four possible actions in each state up, down, left, and right.

* Each action is deterministic. If the action would move the agent off the grid, it instead
leaves the agent in the same state.

 All transitions leads to a reward of -1 and when we reach a gray box the episode ends.

i\ AN

R=-1

J

- y=1

e
25% | 25%
25% | 25%

Policy

¢\

www.midocean.ae
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* Now, let's evaluate the uniform random policy, which selects each of the four
actions one-quarter of the time.

* The value function represents the expected number of steps until termination from
a given state.

e Assume in this problem that initialize all the values in V to zero,

V'(s) <« E/‘l‘ a ZZp(s,rls a)[l + yV(s )]

s
| %4 J\ i\ )\ V'’ \ J\ A\

0 0 0 0 [ 0 0 0 0 [+
<l 0 0 0 0 [+ al 0 0 0 0 (&
C”o 0 0 0o [*= ol © 0 0 0o [*=
| 0 0 0‘0 = | 0 0 0 0

\\, K\T § v - | v ¢ " www.midocean.ae
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Example: Gridworld
V'(s) « Z m(a|s) Z ZP(S'J Is,@)[r + yV(s)]

0.25 *(-1+0)

PR N N\  Z4A | S N
(o)o 0 0 | 0 0 0 S
/7
_| o 0 0 0 | el ® 0 0 0 [
&l o 0 0 0 | O 0 0 0
¢ ¢ L

www.midocean.ae
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0.25*(=14+0)4+0.25*(—=14+0)+0.25*(—-1 4+ 0)+0.25*(-1+0) =-1

Vv

V'(s) « E n(a|s) Z ZP(S',rls,a) [r +7V(s")

Example: Gridworld

AN AN |
ook
¢ ¢

V

AR . L )
0| 0 | 0 |+
o | o | o [*
o | o | 0o [+
o | o | o
¢ ¢

www.midocean.ae
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Example: Gridworld

V'(s) « Z n(a|s) Z Z p(s’,rls,a)[r + */V(S')]

0.25*(=14+0)4+025*(-1+0)+0.25*(-1 + 0)+0.25*(-1+0) = -1

vV A A V& N4
o | o | 0o | 0 | o | 1| o | o0 [*

C’oooo<> qoooo<7

qoooob qoooob

| 0| 0 | 0o | o | 0| 0| 0o | o0
¢ ¢ ¢ ¢ ¢
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V(s) < Z n(a|s) Z Zp(s’,r|s,a)[r e ’/V(s’)]
a Tl

0.25
7AW W Vi # _$

o (o) o 0 [« 0 1 0 Oil ([
el 0 0 0 |[*= <l © 0 0 ¢ =
_| o 0 0 0 [ ol © 0 0 I
ol o 0 0 0 | 0 0 0 0

¢ ¢ ¢ ¢ ¢V
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Example: Gridworld

V'(s) « Z m(als) Z Zp(s',r|8, a) [" + ?’V(“'l)]

0.25*(=140)4025*(=1 4+ 0)+0.25*(=1 4+ 0)40.25* (-1 +0) = -1

1% AN AN )
3010
ARk
- o | o | o
2 o | o | o
¢

|4

/ AR AN )
-1 1 | 0 |+
0o | 0 | 0 [+
o | o | 0o *
o | 0 | o

¢
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After the first full sweep...

Vv

A

i\

A

-1

-1

-1

-1

V'(s) « Z n(a|s) Z Z p(s’,rls,a)[r + */V(S')]

#
1 |[*=
1 |
1 [
0

www.midocean.ae
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V’(S) N Z Il’((l l‘) Z Zp(s’,rls,a) [I‘ + 7"”(.\")]

vl_)v2_>ooo_)v

n
0 1 1 |- 2 1 1 [
| ! 1 1 1 [ ol I l . .
C’l 1 1 1 [ c,-l 1 l e
< [ 1 1 0 N 1 1 .
¢ ¢ ¢ ¢
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Iterative Policy Evaluation Pseudocode

Iterative Policy Evaluation, for estimating V =~ v_

Input 7T, the policy to be evaluated

V(—_O’,VW—_O.
Loop:
A<
Loop foreachs € §:

V(s) < Y aa|s) ), p(s'sr | s,@)lr +7V(s)]

a A
A <« max(A, | V(s) = V(s)])
V<V
until A < @ (a small positive number)

Output Vv,

www.midocean.ae
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Example: Gridworld

V(s) < Z n(a|s) Z Zp(s’,r|s,a)[r e ’/V(s’)]
a g T

6 = 0.001
VA N Vb _& _J

0 I 1 1 [ 0 1 1 T
. I I 1 [ <l ! ' ' L
=l 1 1 1 1 [ & 1 1 1 =
< [l 1 1 0 | -l 1 1 0

¢ ¢ ¢ ¢ ¥

www.midocean.ae
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Example: Gridworld

V'(s) « 2 n(al|s) Z Zp(s',rls,a)[l‘ + "/V(-"I)]
a r

sl

0 =0.001 A=1.0

7AW vy & 4
. IR 0 | -
alalalale oy
i s
o 1| |0 <
¢ ¢ ¢ ¢ ¢

www.midocean.ae
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Vis) < Z (@a|s) Z ZP(S',I‘IS,a) [r + 7V(s’)]

After the second full sweep...

1% )\ AR ) V'’ ) AR )

0 1 1 1 % 0 @ 2 2 |
< 1 1 1 1 |[*= = @ 2 2 2 |
ol -l 1 1 1 = ol 2 2 2 @‘7
o 1 1 0 | 2 2 @ 0

\' ¢ ¢ \t ¢ ¢

www.midocean.ae
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V'(s) « Z m(als) Z Zp(S',I‘|S, a)[" + ’/"'l(“")]

/AR S N | 744 L S L S

0 17 | -2 2 [ 0 24 | 29 | 3 [+
| 2 2 2 | 24 | 29 3 29 =
N » 2 17 [ s 3 29 24 [
< [ 2 17 | o | 3 | 29| 24| o

¢ ¢ ¢ ¥ N

www.midocean.ae
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Example: Gridworld

Vis) < Z (a|s) Z Zp(s'arlsﬂl) [l‘ + ’/V(.\")]

\ AR )
o | 24 [E2slIRES
24 | 2900 |ta oo
290 3290 | 24
3 | 29| 24| o
\t ¢ !

#\ A
0 31 | 38 | 4 (&
31 | 37 | 39 | 38 [+
38 | 39 | 37 | 31 [*
4 | 38 | 3.1 0
¢ ¢ ¢

www.midocean.ae
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Example: Gridworld

V'(s) « Z m(als) Z Z p(s’,rls,a)[r + yV(s

;)]

VAR S S
0 -3.1 -38 -4
= -3.1 -37 -39 -38
= -38 -39 -3.7 -3.1
< [ -38 -3.1 0
¢ ¢ ¢

N AN
0 37 | 47 | 49 |
37 | 45 | 48 | 47 [+
47 | 48 | 45 | 37 =
49 | 47 | 37 0
¢ ¢

www.midocean.ae
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Example: Gridworld

14 i\ J\ A\

0 -37 -4.7 49

A 3.7 45 48 47

& 47 48 45 -3.7

< 49 -4.7 -3.7 0
\ \' \

V

V'(s) « E n(a|s) Z ZP(S'JL?, a)[r + “/“"(“'I)]

#\ AN A
0 42 | 55 | 58 |+«
42 | 52 | 56 | 55 |+
55 | 56 | 52 | 42 [
58 | 55 | 42 0
\ ¢ ¢

www.midocean.ae
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Example: Gridworld

V'(s) « er(a ZZp(s r|s, a)[l + V(s )]

A < 0.001

www.midocean.ae
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actions
k=0
K=1
k=2

10

11

12

13

14

V. for the
random policy

0.0

0.0

0.0

0.0

0.0

0.0

0.0

0.0

0.0

0.0

0.0

0.0

0.0

0.0

0.0

0.0

0.0

-1.0

-1.0

-1.0

-1.0

-1.0

-1.0

-1.0

-1.0

-1.0

-1.0

-1.0

-1.0

-1.0

-1.0

0.0

0.0]-1.

-2.0

-1.7

-2.0

-2.0]-2.0

-1.7

-2.0

71 0.0

Example: Gridworld

* Nonterminal states: 8§ = {1,2,...

Rt=—1

on all transitions

* Deterministic transition model

* Undiscounted episodic task

greedy policy
w.rt. vy
o g e o B
— —
' B
= i k=10
5 A |
« > —
le—  Je— e
f (—j ¢ l
k=00
Vbl el
€ ? -—p —p

U} for the
random policy

0.0]-2.4|-2.9

greedy policy

w.rt. v

,14)

e Actions: A = {up, down, right, left}

2.4]-2.9

I~ !‘vJ

-2.9(-3.0

-—

-3.0(-2.9

—

< Iq
LI o

0.0

-6.1]-8.4/-9.0

-6.1

-7.71-8.4[-8.4

-8.4

-8.4/-7.7]-6.1

-9.0

-8.4|-6,1] 0.0

g
L’r’a

0.0]-1¢

-14.

-18.1-20.1-20.

-20.

-20.{-18.]-14.

-~

272

L

-20.1-14.] 0.0

.

— . |
< 9
bLip

Optimal policies in this case, but
only guaranteed to be improvements
over the random policy

www.midocean.ae
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* Last lecture we have seen that given v., we can find the optimal policy by choosing
the Greedy action.

Recall that Greedy action

/
7+(s) = argmax Z Zp(s’,r |s,a)[r + yvi(s))]

* The Greedy action maximizes the Bellman's optimally equation in each state.

* Imagine instead of the optimal value function, we select an action which is greedy
with respect to the value function v , of an arbitrary policy 7.

2 argmax Z Zp(s’,r |s,a@)[r + v, (s))

7(s) = argmax Z Zp(s’,rls,a)[r + yv,,(s’)] forallse &

s r

—» V, obeys the Bellman optimality equation www.midocean.ae
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Policy Improvement Theorem

* Recall the definition of g,. It tells you the value of a state if you take action A, and
then follow policy 7.

* Imagine we take action A according to s, and then follow policy 7. If this action has
higher value than the action under 77, then 77" must be better.

* The policy improvement theorem is as follows:

gr(5,7(38)) > gz(5,m(8))Vs €S =7 > 7

gr (5,7 (8)) > gr(s,7(s))For at least one s € S -7’ >«

The new policy is a strict improvement over JT unless JT is already optimal
www.midocean.ae
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v 25% | 25%
T /4
25% § 25%

forall s € &
<> 2(s) = argmaxz Zp(s',I'lS,a)[r +* 7vn(s,)]

/ R=-1

T T 25% | 25%
Optimal 25% | 259  www.midocean.ae
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* We will show now how we can use the policy improvement theorem to find the
optimal policy by iteratively evaluating a sequence of policies.

* Policy iteration consists of two distinct steps repeated over and over, evaluation and

improvement.
E | E | E I E |
Deterministic
evaluation

T V

7 ~ greedy(V) Vay s

Improvement www.midocean.ae




| Policy Iteration Pseudocode
MIPOSEAN

* We initialize V and 77 in any way we like for each state s. Next, we call iterative policy evaluation to
make V reflect the value of /7. Then, in each state, we set i1 to select the maximizing action under the
value function. If this procedure changes the selected action in any state, we note that the policy is
still changing, and set policy stable to force. After completing step 3, we check if the policy is stable.
If not, we carry on and evaluate the new policy.

Policy Iteration (using iterative policy evaluation) for estimating = =~ =,

1. Initialization
V(s) € R and m(s) € A(s) arbitrarily for all s € §

2. Policy Evaluation

Loop:
A«0
Loop for each s € §:
v+ V(s)
V(s) «~ D> . o8 r s..’-(.\)l:r $ -,l'(,’):

A « max(A., |lv - V(s)])

until A < @ (a small positive number determining the accuracy of estimation)

3. Policy Improvement
policy-stable « true
For each s € §:
old-action « =(s)
m(s) ¢ argmax, }_:, p(s’.r .s.u):r $ "."(.\'):
If old-action # n(s), then policy-stable < false
If policy-stable, then stop and return V =~ v, and 7 = #,; else go to 2

www.midocean.ae
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Example: Gridworld

\ i\ N
- R ={ — 1() Blue states
— ]  Other states
& -
Y o Y= 1
<
\f \f \t

www.midocean.ae
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Example: Gridworld

Policy Iteration
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Example: Gridworld

Policy Iteration

Evaluation

1provement

www.midocean.ae
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Example: Gridworld

Policy Iteration

Improvement
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Example: Gridworld

Policy Iteration

Evaluation

Improvement
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Example: Gridworld

Policy Iteration

Evaluation

Improvement
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Example: Gridworld

Policy Iteration

Evaluation

Improvement

www.midocean.ae



MIDOCEA \

UNIVERSITYl

Example: Gridworld

Policy Iteration

Evaluation

Improvement
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Example: Gridworld

Policy Iteration

Evaluation

Improvement
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Example: Gridworld

Policy Iteration

Evaluation

Improvement
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Policy Ilteration

Evaluation

Improvement
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Example: Gridworld

Policy Iteration

Evaluation

Improvement
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* The policy iteration algorithm runs each step all the way to completion.
e Imagine instead, we follow a trajectory like this.

Viey Wse

» Each evaluation step brings our estimate a little closer to the value of the current
policy but not all the way.

* Each policy improvement step makes our policy a little more greedy, but not totally
greedy.

* Intuitively, this process should still make progress towards the optimal policy and
value function.

* We use the term generalized policy iteration to refer to all the ways we can
interleave policy evaluation and policy improvement. www.midocean.ae
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* The term Generalized Policy Iteration refers to all the ways we can interleave policy
evaluation and policy improvement.

e Value Iteration is generalized policy iteration algorithm that combines both policy
evaluation and improvement into a single update.

e In value iteration, we do not run policy evaluation to completion, we sweep over all
the states and greedify with respect to the current value function.

Value Iteration, for estimating -

Algorithm parameter: a small threshold # > 0 determining accuracy of estimation
Initialize V (s), for all s € 8™, arbitrarily except that V (terminal) = 0

Loop:
| A«0
| Loop for each s € 8:
d < Vi(s)
[ | V(s) « max, )_. .p(s',7r|s,a) [r + 1 \-'(s')] ]
] A + max(4Q,|v -V (s)|)

until A < @

Output a deterministic policy, @ = w,, such that
n(s) = argmax, 3., . p(s',7|s,a)[r + 7V (s')] www.midocean.ae
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