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Lecture Outline

Solving System of Linear Equations
* Cremer’s Method Definition

e Cremer’s Method 2*2 matrix

e Cremer’s Method 3*3 matrix

Gaussian Elimination Method

Extra Practice
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Cremer’s Method
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The need to solve systems of linear equations arises frequently in
engineering. The analysis of electric circuits and the control of systems are
two examples.

Cramer’s rule for solving such systems involves the calculation
of determinants and their ratio. It is a useful solution for systems containing

only a few equations.




Cramer’s Rule

In linear algebra, Cramer’s rule is a specific formula used for solving a system
of linear equations containing as many equations as unknowns, efficient
whenever the system of equations has a unique solution. This rule is named
after Gabriel Cramer (1704-1752), who published the rule for an arbitrary

number of unknowns in 1750.
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Cramer’s Rule
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This is the most commonly used formula for getting the solution for the given
system of equations formed through matrices. The solution obtained using
Cramer’s rule will be in terms of the determinants of the coefficient matrix and
matrices obtained from it by replacing one column with the column vector of the

right-hand sides of the equations.




Cramer’s Rule

Cramer’s rule is one of the important methods applied to solve a system of
equations. In this method, the values of the variables in the system are to be
calculated using the determinants of matrices. Thus, Cramer’s rule is also

known as the determinant method.

= —_—

541 rol ooty
EVERYONE'S SMART UNIVERSITY



Cramer’s Rule Formula

Cramer’s Rule Formula

Consider a system of linear equations with n variables xi, X2, Xs, ...,
X, written in the matrix form AX = B.

Here,

A = Coefficient matrix (must be a square matrix)

X = Column matrix with variables

B = Column matrix with the constants (which are on the right side
of the equations)
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Cramer’s Rule — 2x2

Cramer’s rule for the 2x2 matrix is applied to solve the system of equations in two variables.

Let us consider two linear equations in two variables.

a;x+byy=c

a X+ by =c;

Let us write these two equations in the form of AX = B.
a; bi| [z] |e

v ) s) = Lo

Here,

b
Coef ficient matriz = A = [al 1]

az by

Variable matriz = X = [m]
Yy

c
C'onstant matriz = B = { 1]
C2
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Cramer’s Rule — 2x2

D — |A| - - G,lbg — ﬂ.gbl
a9 b

And
cg b

DI — ! ! — C]_bg — Cgbl
Co bg
a C

Dy = ! ! = dA1Ca — daCy
s Ca

Therefore,

x=D,/D

y =D,/D
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Cramer’s Rule Example — 2x2

Solve the following system of equations using
Cramer’s rule:

2x—y=>5

Xx+y=4
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Solution of Cramer’s Rule Example — 2x2

22X—-y=35

X+y=4

Let us write these equations in the form AX = B.

L)l
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Solution of Cramer’s Rule Example — 2x

D = Al
B ‘2 —1‘

1 1
=2(1) = (-1)1

=2+
=3#0

So, the given system of equations has a unigue solution.

D, — ‘5 —1‘

4 1
=5(1) = (-1)(4)
=5+4
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Solution of Cramer’s Rule Example — 2x2

(4) - 5(1)

2
8-95
3

Therefore,
x=D,/D=9/3=3
y=Dy/D=3/3=1

=P —_—
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Cramer’s Rule — 3x3

To find the Cramer's rule formula for a 3x3 matrix, we need to consider the system of 3 equations with three
variables.

Consider:

ax+byy+ciz=d,
aXx+byy+cz=ds
azx +bay +caz =ds

Let us write these equations in the form AX = B.

aq bl 1 £ dl
ay by e yl = |ds
az bg C3 = dg

<]
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Cramer’s Rule — 3x3

i g} E}l 1
D:|A|: as 52 Ca
as -!}3 c3
And
d1 b1 C, a. d1 C, a b1 d1
D =(d, b, c ,Dy: a, d, c,|,D,=|a, b, d,
d3 b3 c, a, d3 c, a, b, d3

Therefore, x =D,/D,y=D,/D,z=D,/D;D#0
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Cramer’s Rule Example — 3x3

Question:

Solve the following system of equations using Cramer’s rule:
X+y+2z=6

y+3z=11

X—2y+z=0

<]
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Solution of Cramer’s Rule Example — 3x

Solution:

Given,
X+y+z=6
y+3z=11
X—2y+z=0

Let us write these equations in the form AX = B.

1 1 11 [z] [67
0 1 3!lyl =111
1 -2 1] [z] [0

<]
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Solution of Cramer’s Rule Example — 3x

1 1 1][«] [6
0 1 3||y|=|n
Lo 1 -2 1] 2] Lo

D=JAl=0 1 3 =11+6)—-1(0-3)+1(0—-1)=7+3—-1=9
1 -2 1
D # 0 so the given system of equations has a unique solution.

Also,
6 1 1

D,=|11 1 3/=6(1+6)—1(11-0)+1(—22—-0)=42—-11-22=9
0o -2 1
1 6 1

D,=0 11 3{=1(11-0)—-6(0—-3)+1(0—-11)=11+18—-11=18
1 0 1
1 6

D,=0 1 11|=1(0+22)—1(0—-11)+6(0—1)=22+11—-6=27
1
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Solution of Cramer’s Rule Example — 3x

X =Dy/D=9/9=1
y=D,/D=18/9 =2
z=D,/D =27/9 =3




Gaussian Elimination Method

Gaussian Elimination Method
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Gaussian Elimination Method

In mathematics, Gaussian elimination, also known

as row reduction, is an algorithm for solving systems

of linear equations. It consists of a sequence of

operations performed on the corresponding matrix of

coefficients. This method can also be used to compute

the rank of a matrix, the determinant of a square

g‘ matrix, and the inverse of an invertible matrix.
45l pron)l dooly (e
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https://en.wikipedia.org/wiki/System_of_linear_equations
https://en.wikipedia.org/wiki/Matrix_(mathematics)
https://en.wikipedia.org/wiki/Rank_(linear_algebra)
https://en.wikipedia.org/wiki/Determinant
https://en.wikipedia.org/wiki/Square_matrix
https://en.wikipedia.org/wiki/Invertible_matrix

Gaussian Elimination Method

In mathematics, the Gaussian elimination method is known as the
row reduction algorithm for solving linear equations systems. It
consists of a sequence of operations performed on the
corresponding matrix of coefficients.

We can also use this method to estimate either of the following:
*The rank of the given matrix

*The determinant of a square matrix

*The inverse of an invertible matrix

<]
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Gaussian Elimination Method Exa

Question:

Solve the following system of equations:
X+y+z=2

X+2y+3z=5

2X+3y+4z =11

=P —_—
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Gaussian Elimination Method Sol

Solution:

Given system of equations are:

X+y+z=2
X+2y+3z=5
2x+3y+4z =11

Let us write these equations in matrix form.

1 1 1 2

g‘ 2 3 4| 11

as il liool
1541 2102 - 24

EVERYONE'S SMART UNIVERSITY _




Gaussian Elimination Method Sol

_10-1 1_
= 0O 1 2 3
__0 O O 4 B
No Solution 1!
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Extra Practice

Let’s Practice
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Example 1

Use Cramers rule to solve the system of 2 linear equations for 2
unknowns as shown below:

x+2y=23
2z +3y =1
a' e
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Example 1 Solution

D=‘; §‘=(1)(3)-(2){2)=3-4=-1

3 2

D=} 3‘=(3)(3)-(1)(2)=9-2=?

Dy=‘; ?‘=(1)(1)-(2)(3)=1-6=-5

=P —_—
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Example 1 Solution

To finally find the unique solution for each variable in the equations, we
now solve the Cramers rule equation for each of them:

D, 7
T=F==—7
L D L -5 L

Equation 10: Solution fo the variables x and v

And so, the system has been solved! The solutions for the variables x
andyare:x = —7,y = 5.
Now let us take a look at the process on how to do the Cramers rule

e
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Example 2

Use Cramers rule to solve the system of equations for 3 unknowns as
shown below:

z+4dy+32=1
T+2y+9z=1
z+b6y+6:=1

<]
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Solution on Example 2

And then we calculate the 4 required determinants. Starting with
determinant I):

= 1(2)(6) - (6)(9); - 4{(1)(6) - (1)(9)} + 3{(1)(6) - (1)(2)}
= {12 - 54} - 4{6 - 9} + 3(6 - 2} = -42 - 4(-3) + 3(4)
=42+ 12412 =42+ 24

=-18

D=

- . _x
h N
oh O W

This determinant IJ is just the determinant of the square coefficient
matrix from the left hand side of the augmented matrix in equation 12.
MNow, to solve the determinants related to each of the variables in the
equations from the system we substitute the column related to each
variable in the square coefficient matrix by the column coming from the

right hand side of the augmented matrix. And so, the determinants I,
., D, are:

= —_—
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Solution on Example 2

= 1{(2)(6) - (6)(9)} - 4{(1)(6) - (1)(9)} + 3{(1)(6) - (1)(2)}

D ] 3 g = (12 - 54} - 4{6 - 9) + 3(6 - 2} = -42 - 4(-3) + 3(4)
x= 16 6 =42+ 12+12=-42 + 24
=.-18

1 1 3 | =H(1)6)-(1)9)}-1{(1)(6) - (1)(9)} + 3{(1)(1) - (1)(1)}
Dy=|1 1 9|=6-9-(6-9+30)

116|709

1 4 1 |=H@)1)-(6)(1)}-4{(1)(1)-(1)(1)}+ 1{(1)(6) - (1)(2)}
D,=|12 1 fgz-s}-4{u}+{e-2}=.4+o+4

16 1]|°
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Solution on Example 2

Solving for the variables x, ¢ and z:

_Dg _ -18 _
T=F =31
Dy 0
y=5 =-5 =0
S 2
t=F=5=0

Equation 15: Solution fo the variables x and y

And so, the system has beensolved! z =1,y =0,z =0

= —_—
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Example 3

Solve the following linear system using Cramers rule:

bx+3y=1
T+y=2

Equation 16: System of 2 linear equations for 2 unknowns

<]
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Solution of Example 3

And then we calculate the 3 required determinants:
5 3|._ _ _
D=|7 |[=6D-(1)3)=5-3=2

D,-|! ?‘=(1)(1)-<2)(3)=1-6=-5

Dy-|% 1|=@@-xn=10-1=0

1 2
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** EXTRA PRACTISE

Now use 1), Dy, D, to finally find the unique solution for each variable
in the equations:

D

So, the solutions for the variables « and gy are: x = —2.5,y = 4.5
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Lecture Summary

Solving System of Linear Equations
* Cremer’s Method Definition

e Cremer’s Method 2*2 matrix

e Cremer’s Method 3*3 matrix

Gaussian Elimination Method

Extra Practice
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