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Circuit Optimization

* Complexity of a logic circuit is directly related to the algebraic
expression.

* Simplification using algebraic manipulation (in partl) has issues:
« How to know succeeding steps in the manipulative process
« Difficult o determine whether the simplest expression has been achieved.

* To obtain the simplest implementation for a given function, we can use a
graphical technique using Karnaugh maps (K-maps)

d_a0lp dcgans Digital Systems: 1T131

g;',z"‘”,“;,,zl,: Lecture 05— Gate Level Minimization-K-Map Dr. Alaa Eldeen Mohamed




UNIVER

05 Gate Level Minimization(K-Map) ——
Karnaugh Maps (K-map)
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* A K-map is a collection of squares
* Each square represents a minterm (or a row in the truth table)
* Adjacent squares differ in the value of one variable

* A K-map is a graphical representation of a Boolean function
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Karnaugh Maps (K-map)

* A K-map is a reorganized version of the truth table

—Z=

* In K-map, the number of cells is similar to the total number of variable
input combinations. For example, if the number of variables is two, the
number of cells is 22 = 4. if the number of variables is three, the number
of cells is 23=8, and if the number of variables is four, the number of
cells is 24,

* K-map provide a means for finding optimum or near optimum
« SOP and POS standard forms, and
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Karnaugh Maps (K-map) R |
Two Variable K-Maps
Every 2 adjacent cells differ in the value of 1 variable
only. y=0jy=1
- My and m; are adjacent and differ in the value of the y B
variable. =0y | xy
- mgyand m, differ in the x variable. T |
- m; and m; differ in the x variable. TRy x|
 m, and m; differ in the value of the variable y.
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K-Map Function Representation
Example:

y=0[y=1

F(x,y) = 2m2,m3 * x=0 |0 |O

x=1 1 1
x v P

0 0 0
0 1 0 Y
1 0 1
1 1 1 0 0
X 1 1
i_200 dcgans Digital Systems: 1T131
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n
B
-< —-—
=z=

K-Map Function Representation

Example:
y=0fy=1
G(xy) = (X'y +xy' +xy ) x=0 | 0 |1
6(x.y) =¥ ml,m2,m3
x=1 1 1
x vy |6
0 0 0
0 1 1 >
1 0 1
1 1 1 0 1
X 1 1
i_200 dcgans Digital Systems: 1T131
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05 Karnaugh Maps (K-map) o

A three-variable K-map: o yz=00 | yz=01 | yz=11 | yz=10
Xx=0| mg m; m3 m,
* Where each minterm corresponds
X= m, Mg m; Mg
to the product terms: |
YZ Y
X 00 01 11 10
 Note that if the binary value for an index 0[RYZ|XYz|XYZ[XYZ

differs in one bit position, the minterms are
adjacent on the K-Map

Digital Systems: 1T131
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Alternative Map Labeling

* Alternate labeling are useful:
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Example Functions

* By convention, we represent the minterms of F by a "1" in the map and
leave the minterms of F' blank

Example: y

F(x.y,z)=2(2,3,4,5) O 1 PB1 A1

X B |78

Example: y -

G(a,b,c)=- 2(3,4,6,7) SR PR E P

X B 71 [F1
Z
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* By combining squares, we reduce number of literals in a product term
* Ona 2-variable K-Map:

# of adjacent Represents
squares
1 A minterm with two variables
2 A product term with one variables
4 The function of all ones (no variables) = 1

d_a0lp dcgans Digital Systems: 1T131
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Combining Squares

* By combining squares, we reduce number of literals in a product term
* Ona 3-variable K-Map:

Mipoceafl

# of adjacent
squares

1

2
4
8

Represents

A minterm with three variables

A product term with fwo variables
A product term with one variable
The function of all ones (no variables) = 1
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Groupings to select product-terms must be:
1. Rectangular in shape
2. Inpowers of twos (1,2, 4, 8, etc.)
3. Always select largest possible groupings of minterms (i.e. prime
implicants)

4. Eliminate redundant groupings

d_a0lp dcgans Digital Systems: 1T131
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Combining Squares

« Groups may not include any cell containing a zero

Gate Level Minimization(K-Map)

A

B 0 1 B 0 1

of '0: o] o

o X [agm Y
WRONG X RIGHT /

o Groups may be horizontal or vertical, but not diagonal.

B

0

1

/

MIDO

UNIVER

9]
-

<

—Z=
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Combining Squares

» Groups must contain 1, 2, 4, 8, or in general 2" cells.
That is if n = 1, a group will contain two 1's since 21 = 2.
If n = 2, a group will contain four 1's since 22 = 4.

B
0

0 1
l'l'"'h"_“{__Group of 2
0 0 v

RIGHT

0 1

o —roup of 4

_____

500 o 11 10
of ot [ 1] T
1| o o of o
WRONG X
S0 o 11 10
of "1 | 1| 1] I
1 0 0| o 1I

| e Group of 3

X

X
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Combining Squares

« Each group should be as large as possible.

B B
00 01 11 10 00 01 11 10
of 1 | ot |1 of t1_ | 1ift1 | 1]
i :\/ — X
oo | of 11 | 1] oo | o1 | 13
RIGHT -~ WRONG X

(N ote that no Boolean laws broken,
but not sufficiently mimimal)

« Each cell containing a one must be in at least one group.

B
00 01 11 10
ol o o |1 | 1 roup I
——=b === - 1 present 1n at least one group.
N 0
i Digital Systems: 1T131
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Combining Squares

e Groups may overlap.

MIDO
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—Z=

B

00 01 11 10
0 Ili_ __{_ _‘:_{_ __1:J1|~-c—Groups overlapping,
tf O O] B

RIGHT "

B

00 01 11 10
0 I‘-1______11 I‘-1______1"*'!*—

| [ L I :

] k= . Groups not overlapping.
i O O it | 1
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Combining Squares
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« Groups may wrap around the table. The leftmost cell in a row may be grouped
with the rightmost cell and the top cell in a column may be grouped with the

bottom cell.

Top cell

AB
00 ¥ 0l

11

10

IS
I_.E:1‘[:1'1'1-:::51:41’6 - _J'

1

_1_

| ._1::

1

Bottom cell

d20L degooo

d_s531 gsol

: . \Rightmastcell
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Karnaugh Maps (K-map)

Four variable maps can have rectangles
corresponding to:

A single 1 = 4 variables, (i.e. Minterm)
Two 1s = 3 variables,
Four 1s = 2 variables
Eight 1s = 1 variable,

Sixteen 1s = zero variables (i.e. Constant "1")

{only degons
1531 groal
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YZ Y .
WX\ 00 01 11 10
my | my | my | My 00
my | ms | m; | mg 01
X
Myp | My3 | M5 | My 11
W
Mg | Mg | My | My 10
y4
(a) (b)

Four-Variable Maps

Digital Systems: 1T131
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Karnaugh Maps (K-map)

» Possible valid groupings of a 4-variable K-map include:  Four-Variable Maps

IZERY| L[] = Ann
1 ann
N A Y =

|

* Invalid groups examples:

d_a0lp dcgans ) Digital Systems: 1T131
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* By combining squares, we reduce number of literals in a product term
* On a 4-variable K-Map:

# of adjacent Represents
squares
1 A minterm with four variables
2 A product term with three variables
4 A product term with two variable
8 A product term with one variable
16 The function of all ones (no variables) = 1

d_a0lp dcgans Digital Systems: 1T131
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Simplest SOP Expressions
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« To find the simplest possible sum of products (SoP) expression from a
K-map, you need to do the following:

1. define the given expression in its canonical form

2. create the K-map by entering 1 to each product-term into the K-map

cell and fill the remaining cells with zeros

d_a0lp dcgans Digital Systems: 1T131
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3. Form the groups by considering each one in the K-map.

o | o [(1 1)

(1. | 1)] o |o

4. Group the number of ones in the decreasing order. First, we have to try to
make the group of eight, then for four, after that two and lastly for 1.

5. find the boolean expression for each group. By looking at the common
variables in cell-labeling, we define the groups in terms of input variables.
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Before Simplification
F(A,B,C) = > m2, m3,m4,m5 \BC .
=A'BC'+A'BC+AB.C'+AB.C o | o (L1 _| 1)

After simplification
F(ABC)=A'B+AB

i_200 dcgans Digital Systems: 1T131
&850 ggonl
LAyl puleil

Lecture 05 — Gate Level Minimization-K-Map Dr. Alaa Eldeen Mohamed



05 Gate Level Minimization(K-Map) ——

UNIVER

MIDOCI Aﬂ!

Before Simplification

F(A,B,C) - Z mZ, m3,m4 ?,BC ) ) G/rc'aup1
- A'B.C + A'BC+ ABLC [o7 o [TV
A 4 5 0 7 0 6
After simplification @ °
F (A,B,C) “AB.C+AB }oupz ’

d_20p dcgonn Digital Systems: 1T131
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Before Simplification ) S
F(A,B,C) = X mO, m2,m4,m5, m6, m7 1 0 | 0 /1
=ABC+ABC+ABC+ABC A‘ (177 1 7 1 1\ 19
+A.B.C'+A.B.C — N—
Group 2 ’
After simplification
F(ABC)=C+A
d_20p dcgonn Digital Systems: 1T131
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Karnaugh Maps (K-map)
Example:
Simplify F(x,y,z)=2(1,2,3,5,7)
z y / XY
1 %1
X 1
| Z
F(x,y,2)=x"y+z
Lasto dogons Digital Systems: 1T131
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Karnaugh Maps (K-map)
Example:
y
» Simplify F(x,y.z)= £(2,3,6,7) e
F=y 4

* Thus the four terms that form a 2 x 2 square correspond to the term "y".

i_200 dcgans Digital Systems: 1T131
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Product-of-Sums Optimization

« The optimized Boolean functions derived from the maps in all of the
previous examples were expressed in sum-of -products form.

« With only minor modification, the product-of-sums form can be obtained.
« STEPS:

1. Mark the empty squares with Os

—Z=

2. Combine them into valid rectangles
3. Read the product terms to obtain F’

4. Take the complement of F' to obtain F as a product-of -sums.

Digital Systems: 1T131
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« Simplify the following function using K. MAP
in the form of product of sum
BC B

A

F=20245 1°0 " 0)% 12
4 5 7 6
Solution: A 1 1° (0 0)
F=A.C+AB
F = (A+C") (A" + B') ¢
d_20l> dcgono Digital Systems: 1T131

Ké'.e"”’,;...:..'. Lecture 05 — Gate Level Minimization-K-Map Dr. Alaa Eldeen Mohamed



05 Gate Level Minimization(K-Map) ——

MIDOCEA

UNIVERSIT

=z=

« Simplify the following function using K. MAP
in the form of product of sum

BC 5
F=> 157 of°l "1 [0 3[0}3
A 0 4 1 5 1 _7 0 6
Solution: — =
F=C+AB -
F=C.(A+B')

i_200 dcgans Digital Systems: 1T131
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Don't Cares in K-Maps

« Sometimes a function table or map contains :
 Input values for the minterm will never occur,
* Output value for the minterm is not used
 In these cases, the output value is defined as a "don't care” (.an "x" entry).

* By doing that. the cost of the logic circuit of that function may be lowered.

d_a0lp dcgans Digital Systems: 1T131
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Don't Cares in K-Maps Tl
— x|y |z | F
0 0 0 1
* Assume A 3 variable logic function F is defined as 8 2 (1) 1
follow: 0 . . .
*The output is equal to one of its input is <3 and >=6 1 0 0 0
1 0 1 0
*The output is not specified when the input = 3 1 1 0 1
1 1 1 1

*The output is zero otherwise.

-Since the output @ 3 never occurs, it is
represented as don't care..

d_a0lp dcgans Digital Systems: 1T131
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Don't Cares in K-Maps

 Ultimately, each "x" entry may take on either a O or 1 value in resulting
solutions.

* For example, an "x" may take on value "0" in an SOP solution and value “1"
in a POS solution (If not covered), or vice-versa (If covered).

« Any minterm with value "x" need not be covered by a prime implicant.

d_a0lp dcgans Digital Systems: 1T131
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Find the optimum SoP solution:

F(A,B,C)= 2(m0, m1, m2,m6,m7) + X ;(m3) C x |y | z | F |
0 0 0

F=A"+B

R R R, R OOOo
R R, OORKR RO
R ORrROR O R
= = OO X R R R
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Example:

Find The simplified function in terms of PoS Al B|ClY
0|00 o
0|0 |1]1

F(A,B,C)= 2(m1, m4,m5mé6) + X,(m2,m3) ol 110l x
0 |1 |1]X

8 1 oo 1

F=B.C+A.C’ u‘ 1 x]| [x 1o |1]1
1101

F=(B'+C’). (A +C) AL e B N

c
io0b> dcgans Digital Systems: 1T131
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End of Chapter 5
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