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Lecture

03 Lecture Objectives

* To study limits and their basic properties.

* To study one-sided limits, infinite limits, and
limits at infinity.

* To study continuity and to find points of
discontinuity for a function.
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Lecture

03 L ecture Outline

Limits

Continuity
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Lecture

03 1- Limits

* The limit of f(x) as x approaches a is the number L,
written as limf(x) = L

X—a
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Lecture

03 Example

Example 1 — Estimating a Limit from a Graph

a. Estimate lim__, f (x) from the graph. . N

Solution: Imf(x) =2 h

b. Estimate lim,_, f (x) from the graph.

: _ AR\ .
Solution: lim (x) = 2 ey
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Lecture

03 Properties of Limits

Properties of Limits

1. limflx) = limc = ¢ where cis a constant

X—rd X—rd

2. limx" =a" for any positive integer n

X

3 lim[f(x) £ g(x)] = limf(x) + lim g( x|

4 lim|f(x)-g(x)] = limf(x)-lim g(x)

5 _lim[cf(x)| = c-limf(x)

" X—a X—a

= —_—
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Lecture

03 Properties of Limits

Properties of Limits

1. limflx) = limc = ¢ where cis a constant

X—rd X—rd

2. limx" =a" for any positive integer n

X

3 lim[f(x) £ g(x)] = limf(x) + lim g( x|

4 lim|f(x)-g(x)] = limf(x)-lim g(x)

5 _lim[cf(x)| = c-limf(x)

" X—a X—a

= —_—
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Lecture

03 Properties of Limits

Properties of Limits

lim f( x|
6. lim 11X 3 if fimg(x) %0
ag(x) limg(x) = e

7 | Ll_rpa'\'/f(_x) - nf!jTaf(x)

<]

541 rol ooty
EVERYONE'S SMART UNIVERSITY




Lecture

03 Important Note

It’s very important to substitute first by the value of x, If we have undefined
quantity like:

0
[ ] —
0
® co — OO0
(00]
[ ) —
o0
[ ] wo
o 1%
e 0X0(

e (Y

a' Then, we have to use factorization.
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Lecture

03 Example 1 & Solution

Example - Applying Limit Properties 1 and 2

a. lim7=7, Iim7=7

X2 X=»=5

b. lim x* =6* =36

X6

c. limt* =(-2)* =16
t— -2

<]

541 rol ooty
EVERYONE'S SMART UNIVERSITY



Lecture

03 ** Revision — Fundamentals

Devide any number by infinity co , we will obtain Zero

Devide any number by zero , we will obtain infinity oo
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Lecture

03 Example

Example - Limits at Infinity

Find the limit (if it exists)

a. lim
x—e= (x —5)°

b. lim J(4=x)

)00
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Lecture

03 Solution

Solutidn:

. 4
lim =0
a- Xy (x_s]a

b. lim J(4—-x) =co
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Lecture

03 Example for a Polynomial Function

Example - Limit of a Polynomial Function

Find an expression for the polynomial function,

- n n-1
flx)=c,x"+c, X" +..+CX+C,
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Lecture

03 Solution of Example

Solution:

limf(x) = lim(c, x" +¢, X" +...+¢,x+¢,|

X—a X—a

— . n . n-1 . .
=c, limx" +c_,limx" " +...+¢,lim+limc,

X—a x—a x—a x—a
=c,a" +c,,@" ' +..+Ca+cC,
= fla)

where limf(x) =f(a)
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Lecture

03 Limits at Infinity for Rational Functions

Limits at Infinity for Rational Functions

* If f (x) is a rational function,

. . B.x" . S
lim f( x) = lim —~ and lim f(x) = lim -
X =00 X—)oo mxm X—p=o0 X=p=es bmx

m
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Lecture

03 Example

Example - Limits at Infinity for Polynomial Functions

Find the limit (if it exists)

3. lim(x® —x% +x-2)

X——c0

b. lim(-2x®+9x]

X— o’

<]

e —— .
EVERYONE'S SMART UNIVERSITY :




Lecture

03 Solution

Solution: IIm (x* = x% +x—-2) =—oo

—_——00

Solution: X'L"l (—2x3 +9x) =o0
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Lecture

03 Extra Exercises — Example 1

Example 1:

To Compute

lim (5x% 4 8x-3)
Xx——4
Solution:

First, use property 2 to divide the limit into three separate limits. Then use property 1 to bring the constants out
of the first two. This gives,

lim (5z% + 8z — 3) = lim (5z2) + lim (8z) — lim (3)

z——4 r——4 z—>—4 o——4
— 5(—4)2+8(—4) — 3
= 80-32-3 =45
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Lecture

03 Extra Exercises — Example 2

Example 2:

To Compute

lim [{x—m (x—2) }

x—+6 x—4

Solution:

Given

lim |

(z—3)(z—2) ]

r—4

[ lm(z—3) lim(a—2)
T mE ]

T {ﬁ—ﬁ){ﬁ—ﬂ)}
©-1)

B3]
g‘ = || =¢
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Lecture

03 Recall

It’s very important to SU bstitute first by the value of x, If we have
undefined quantity like:

e 0oX0

a‘ Then, we have to use Fa CtO rization .
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Lecture

03 Extra Exercises — Example 3

Example 3:

Compute

lim &=9)
x 3 X3

Solution: Given

lim &=9)

r—3 z-3

It is to be noted that, on substituting the value 3 directly to the funciton, the nemerator as well as denominator

will become 0, and we know the value
0

0
, does not exist.

Using the property of squares , we have:

lim E3E8) lim(z + 3)

I—3 -3 I—3

gizﬁ
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Lecture i
03 ** Revision — Fundamentals

FACTORISATION

K(a+b)=kxa+kxb

Example:

3(x+2y)= 3x+06y
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Lecture i
03 ** Revision — Fundamentals

FACTORISATION

(aﬁ?ﬁ):axc+axd+bxc+bxd
M

Example:

(3+xX) ( X+ 2y) = 3 X + 6y + x%+2xy
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Lecture

03 ** Revision — Fundamentals

Factorization by Common factor

X2+ 3x =x(x+ 3).

Example:

3x + 9 = 3(x+3).
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Lecture

03 ** Revision — Fundamentals

Factorization for Quadratic Polynomial

x2+ (a+b)x+ab=(x+a)(x +b).

Example:

X2+ 5X + 6 = (x+2) (x+3)
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Lecture

03 ** Revision — Fundamentals

Factorization for the difference between Two squares
a2 —b? =(a—-Db) (ath)
Example:

4x2 -9 =(2x+3)(2x - 3)
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Lecture

03 Extra Exercises — Example 4

Example:

2
Find lim *
= I—l
Solution:

We can’t find the limit by substituting x = 1 because

2
B"=1_ 95 undefined.

-1 0
Instead, we need to do some preliminary algebra. We factor the
numerator as a difference of squares and then cancel out the

common term (x - 1)

Therefore,

a_ _
lim 2 i D)
=1 r—1 =l {x—])

=14+1=2
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Lecture

03 Extra Exercises — Example 5

Evaluate lim (8 — 3z + 122?), if it exists.

T2

Solution

]im{S — 3z + 1232]

T2

=8 —3(2)+12(4) =[50
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Lecture

03 Extra Exercises — Example 6

Example - Finding a Limit

Find lim*—=1.
x-1 x +1
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Lecture

Solution of Example 6
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Lecture

03 Extra Exercises — Example 7

2
Solution: fim X~
x=>-1 X +1

_(-1)%-1  1-1

= = (Undefined Quantity)
—141 —14+1

2. ]S

So, we will use the factorization Method

=1 | iEE1)e—1)
x=>-1 X 41 i (x + 1)

g' =Iirp1(x—1)=—1—1=—2
om0 0/ 0 0 / 0/ s
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Lecture

03 Extra Exercises — Example 8

) 2 — 25
Evaluate lim

I It exists.
z+-5 22422 —15

Solution:

225
lim :1:

zs 5124+ 2xr—15

(-5)% — 25

B 0
T Gy i2(5_15 0 (Undefined Quantity)

S0, we need to use factorization to obtain the value of limit

r—>5 D
:]_i = | —
g' z:.m5$—3 4

@Sl aronlldeoly




Lecture

03 Extra Exercises — Example 9

6 + 4f
Evaluate lim

I it exists.
s 3 t2 41

Solution

b+ 4¢
lim -
o3 t2 41
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Lecture

03 Important Note

Limits and Algebraic Manipulation

* Iff(x) = g(x) for all x# a, then

limf(x) = limg(x)

=P —_—
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Lecture

03 2- Continuity

Definition

* f(x) is continuous if three conditions are met:
1. flx|) exists
2 !E;ﬂﬂ exists
3. limaf(x]=f[a}
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Lecture

03 Example 1

Example 1 — Applying the Definition of Continuity

a. Show that f(x) = 5 is continuous at 7.

b. Show that g(x) = x? — 3 is continuous at —4.
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Lecture

03 Solution

Solution: Since limf(x) =lim5=5,

xX-7

limf(x) =5=1(7)

Solution: lim g(x) = lim (x* -3}
=g(-4)

- 4°-3=13

=P —_—
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Lecture Summary

Undefined
Quantity

Properties of Factorization

Limits
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Lecture
03 Lecture Summary

1. flx) exists

X—3a

2. limf(x| exists

3. lim f(x) =fla)

=P —_—
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