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The objectives of this lecture is to.

 Understand Monte-Carlo methods

* Understand how Monte-Carlo methods can be used to estimate value
functions from sampled interaction

* |dentify problems that can be solved using Monte-Carlo methods

 Use Monte-Carlo prediction to estimate the value function for a given
policy.

e Estimate action-value functions using Monte-Carlo
www.midocean.ae
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Monte Carlo method: a definition

Let's suppose we have a problem in which we have

to estimate a characteristics parameter of a given
population. Monte Carlo method is a numerical

technigue that allows one to generate a sample of
the considered population and obtain a statistical
estimation of required parameter.
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Monte Carlo method: brief history

® Comte Du Buffon (1777): needle tossing experiment to calculate .
® [ aplace (1886): random points in a rectangle to calculate .

®Fermi (1930): random method to calculate the properties of the newly
discovered neutron.

® Manhattan project (40's): simulations during the initial development of the
thermonuclear weapons. Von Neumann and Ulam coined the term “Monte
Carlo”.

® \etropolis (1948): first actual Monte Carlo calculations using a computer
(ENIAC) “Equation of state Calculations by Fast Computing machines”.

® Berger (1963): first complete coupled electron-photon transport code —
ETRAN.

® Exponential growth since the 1980's with the availability of digital
Computers.
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@® One of the oldest problems in the field of geometrical
probability, first stated in 1777.

@® Drop a needle on a lined sheet of paper and determine
the probability of the needle crossing one of the lines

@ Remarkable result: probability is directly related to the
value of m

@® The needle will cross the line if x = L sin(B8). Assuming
L = D, how often will this occur?

df T [ sinf dd L= 2L
P, Pt — = — sinft df = —
S j ! ' _[] D = mD fo e mh

® By sampling P_, one can estimate n.

F 5
Distance X Length of the
between ] needle = L
lines=D
—
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Laplace’s method of calculating m (1886)

®Area of the square = 4
®Area of the circle = nt

@ Probability of random points inside
the circle=n/4

@Random points: N
@Random points inside circle: Nc

m~4Nc/N
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Limitations of Dynamic Programming

* Dynamic programming algorithms use the Bellman equations to
define iterative algorithms for both policy evaluation and control
(finding an optimal policy).

* To use a pure Dynamic Programming approach, the agent needs to
know the environments transition probabilities.

* In some problems we do not know the environment transition
probabilities

* They involve operations over the entire state set of the MDP. If the
state space is very large, this becomes computationally expensive.

* In general, the computation can be error-prone and tedious
www.midocean.ae
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e What is Monte Carlo?

* The term Monte Carlo is often used more broadly for any estimation method that
relies on repeated random sampling.

* In RL Monte Carlo methods allow us to estimate values directly from experience,
from sequences of states, actions and rewards.

* Learning from experience is striking because the agent can accurately estimate a

value function without prior knowledge of the environment dynamics.

* For example, imagine rolling a dice 12 times. With the help of Monte
Carlo Methods, we can estimate values by averaging over a large

number of random samples.
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In reinforcement learning we want to learn a value function.

Recall that, value functions represent expected returns

vr(8) = Ex |G¢|S: = 3]
A Monte Carlo method for learning a value function would first observe multiple returns
from the same state.

Then, it average those observed returns to estimate the expected return from that state.

As the number of samples increases, the average tends to get closer and closer to the

expected return. - eee .ﬂ* R R

Expected Valus

These returns can only be observed at the end of an episode. So we will focus on Monte
Carlo methods for episodic tasks.

Ge=R, +7 Ry+7 Ry +1' R,
o I.-"‘- N _r""': E ﬁd-ﬂle .
= O—+(O—>(—+l Episodic Tasks www.midocean.ae
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Backup Diagram for Monte Carlo

» Entire rest of episode included

»  Only one choice considered at each state
(unlike DP)

- thus, there will be an explore/exploit
dilemma

» Does not bootstrap from successor state’s values
(unlike DP)

» Value is estimated by mean return

State value estimates are independent, no bootstrapping l terminal state

-
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* Monte Carlo methods consider policies instead of arms.

* The value state S under a given policy is estimated using the average return sampled by
following that policy from S to termination.

* The pseudo-code of the Monte Carlo prediction can be seen below

MC prediction, for estimating V' ~ v,

Input: a policy 7 to be evaluated

Initialize:
V(s) € R, arbitrarily, for all s € §
Returns(s) < an empty list, for all s € §

Loop forever (for each episode):
Generate an episode following m: So, Ao, 1,51, Ay, Ra, . ... S, Ar—1, Ry
G« 0
Loop for each step of episode, t =T -1, T-2,.... 0:
G « vG + Rt 4

Append G to Returns(S,) www.midocean.ae
V(S:) < average(Returns(St))
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Gy= R, +7 G,
G,= R, +7G,
G,=R; +7G,
G;= R, +7G,
G4=Rs5 +7Gs
G; =0
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3 4 7 1 2 -
OO0 OOl 70

Go=Ry+7 Ry+7’ Ry +7’ Ry +7'Rs =7
Gy= Ry+7 Ry+7 Ry +7°Rs =
G,=R,+7 Ry +7*Rs =

Gi=R;+7 Rs =2
G,=R; =
Gs =
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Monte Carlo Methods for Policy Evaluation

MC prediction, for estimating V' ~ v,

Input: a policy 7 to be evaluated

Initialize:
V(s) € R, arbitrarily, for all s € §
Returns(s) « an empty list, for all s € §

Loop forever (for each episode):
Generate an episode following m: So, Ao, By, 51, Ay, R, ..., 811, Ar—1, Ry
G« 0
Loop for each step of episode, t =T —-1,T-2, ..., 0:
G «— vG + Rty
Append G to Returns(S;)
\(2; ) < average(Returns(St))

Calculating the Expected value www.midocean.ae
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Incremental Mean

» The mean [, HUo, ... Of a sequence Xy, X», ... can be computed

incrementally: )
1
Hk = P Z Xj

. k—1
= E Xk T ZXJ
j:l
1
=7 (xk + (kK — 1)pk—1)
1
= flk—1 + P (XK — pk—1)

www.midocean.ae



MIDOCEA \

UNIVERSITY'

Incremental Monte Carlo Updates

»  Update V(s) incrementally after episode 51, 41, R>,.... 57

» For each state S; with return G;

N(S) < N(S;) + 1
1

V(S:) + V(S:) + N(S)

(Gt — V(5¢))

» In non-stationary problems, it can be useful to track a running mean,
|.e. forget old episodes.

V(S:) + V(S:) + a (G — V(S:))
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Example: Using Monte Carlo for Prediction

* Let's discuss the specifics of the Monte Carlo prediction algorithm using an example with
a card game, blackjack

Blackjack

Collect cards s0 that their sum
is as large as possible without
exceeding 21

L Vot ;v-' S ~ 10
e -
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Example: Using Monte Carlo for Prediction

* Problem Formulation
* Undiscounted MDP where each game of blackjack corresponds to an
episode
e -1for aloss, 0 for a draw, and 1 for a win
 Hit or Stick
e States (200 in total):
* { Whether the player has a usable ace (Yes or No)}
* { The sum of the player's cards (12 - 21)}
e {The card the dealer shows (Ace - 10)}
* Cards are dealt from a deck with replacement
* Policy: Stops requesting cards when the player's sum is 20 or 21

www.midocean.ae
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* 15t Episode

S
(Usable Ace, Sum, Dealer)

Returns(S)

V(S)

www.midocean.ae
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Example: Using Monte Carlo for Prediction

* 15t Episode (working backwards)

S
(Usable Ace, Sum, Dealer)

Returns(S)

V(S)

A

Returns(A) = [1]

1

A = (NoAce, 20, 10)

Dealer -

MWw.midocean.ae
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Example: Using Monte Carlo for Prediction

* 15t Episode (working backwards)

S
(Usable Ace, Sum, Dealer)

Returns(S)

V(S)

A

Returns(A) = [1]

1

Returns(B) = [1]

1

A = (NoAce, 20, 10)
B = (NoAce, 13, 10)

Dealer -

.midocean.ae
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Monte Carlo Policy Evaluation: Example

Dealer card:

Agent’s hand:

State Action Next State Reward

www.midocean.ae
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Monte Carlo Policy Evaluation: Example

Dealer card:

Agent’s hand:

State Action Next State Reward

19, 10, no

www.midocean.ae
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Monte Carlo Policy Evaluation: Example

Dealer card:

Agent’s hand:

Agent sum, dealer’s card, ace?

State Action Next State Reward

19, 10 no

www.midocean.ae
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Monte Carlo Policy Evaluation: Example

Dealer card:

Agent’s hand:
v v

Agent sum, dealer’s card, ace?

State Action Next State Reward

19,10, n0  HIT

www.midocean.ae
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Monte Carlo Policy Evaluation: Example

Dealer card:

s B
Agent’s hand: A
¢
v
Agent sum, dealer’s card, ace?
State Action Next State Reward
19, 10 no HIT 22,10, no -1

www.midocean.ae
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Dealer card:

2 A
Agent's hand: A
v
Agent sum, dealer’s card, ace? Bust:
(reward = -1)
State / Action Next State Reward
19,10,n0  HIT 22, 10, no A

www.midocean.ae
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Monte Carlo Policy Evaluation: Example

Staie Action Next State Reward

19, 10, no HIT 22,10, no -1

Upon episode termination, make the following value function updates:

V((19,10,n0)) < —1

www.midocean.ae
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Monte Carlo Policy Evaluation: Example

Next episode...

www.midocean.ae
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Monte Carlo Policy Evaluation: Example

Dealer card:

Agent’s hand:

State Action Next State Reward

13, 10, no

www.midocean.ae
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Dealer card:

s B
Agent’s hand: Py
v
State Action Next State Reward
13, 10, no HIT 16, 10, no 0

www.midocean.ae
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Dealer card:

e
Agent’s hand: N
v
State Action Next State Reward
13. 10. no HIT 16, 10, no 0

16, 10, no

www.midocean.ae
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Dealer card:

e |3 a
Agent’s hand: A A
vi| v:
State Action Next State Reward
13. 10. no HIT 16, 10, no 0
16. 10, no HIT 19, 10, no 0

www.midocean.ae
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Dealer card:

N R
Agent’s hand: A A
vl vs
State Action Next State Reward
13. 10. no HIT 16, 10, no 0
16, 10, no HIT 19, 10, no 0

19, 10, no
www.midocean.ae
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Monte Carlo Policy Evaluation: Example

Dealer card:

Agent’s hand:

s B
&
v e
e a i &
& )
vl w3 %
Action Next State Reward
HIT 16, 10, no 0
HIT 19, 10, no 0
HIT 21, 22, no 1

www.midocean.ae



MIDOCEA \

UNIVERSITY'

Monte Carlo Policy Evaluation: Example

State

13, 10, no
16, 10, no
19, 10, no

Action

HIT
HIT
HIT

Next State Reward
16, 10, no 0
19, 10, no 0
21, 22, no 1

Upon episode termination. make the following value function updates:

V((13,10,n0)) «+ 1
V((16,10,n0)) < 1
V((19,10,n0)) < (—1+1)/2

www.midocean.ae
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e After 10000 Episodes

Approximate state-value functions

After 10,000 episodes
S »."\.1'
Usable 2oL 28] %
ace PSS LIN L AN
"y 1/ Ve N ! F
' ,\’ ,'/l\*" —‘. . 4
r;.’f’ ey P
I
NO +1. /:_‘;;;‘i.._':r:,"’:.’ S "
usable 2SRRI AT Vv
ace 1LY §
Oegay.. . g
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gy &
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 After 500,000 Episodes

Approximate state-value functions

After 500,000 episodes

L] &

e ‘

”: :/‘7{_7 f ~
,;_"" —‘\“‘*‘_

- //‘f_;/f.' /
SR> /
SN /

{75 www.midocean.ae
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Implications of Monte Carlo Learning

 First, Monte Carlo learns directly from experience. So there's no need to
keep a large model of the environment (Model-free RL).

e Monte Carlo methods can estimate the value of an individual state
independently of the values of any other states. In dynamic programming,
the value of each state depends on the values of other states.

* Finally, the computation needed to update the value of each state along
the way doesn't depend in any way on the size of the MDP. Rather it
depends on the length of the episode.

www.midocean.ae
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* So far, we've talked about using Monte Carlo to learn state-value functions for a fixed
policy.

* This time, we'll focus on learning action values.

* Recall that ‘
q’fT(S: ﬂ') = Ex [thsf =5, At - ﬂ']

e Action-values are important for learning a policy.

}?\
a e ® ® argmax ¢,(s, a)
a

Exploration

BT ()7
(2

a1
S G — 1 www.midocean.ae
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* One way to maintain exploration is called exploring starts. In this case we must guarantee that
episodes start in every state-action pair. Afterwards, the agent simply follows its policy.

.\”, (l“, ;S‘I, (ll, -S‘Z, (12, eee

Random From JT and [)

AR AR AL

AR MK AR’

QO ¢ | |e

ARARAR

* Exploring starts will randomly sample a state and action at the start of an
episode shown in blue. After the initial action, the agent will follow the red
policy until the episode ends.

* We must be able to set the start state in this way to evaluate a deterministic
policy, like we can in this grid world.

* Other exploration strategies like epsilon-greedy can be used to evaluate

stochastic policies. :
www.midocean.ae
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Using Monte Carlo methods for generalized policy iteration

e General policy iteration (GPI) includes a policy evaluation and a policy
Improvement step.

* GPI algorithms produce sequences of policies that are at least as good as
the policies before them.

* For the policy improvement step, we can make the policy greedy with
respect to the agent's current action value estimates.

* For the policy evaluation step, we will use a Monte Carlo method to
estimate the action values.

Mo —+ M1 —» M2 — ...

www.midocean.ae
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2 7= Using Monte Carlo methods for generalized policy iteration

* Improvement

TTIJ—H(Sj = argmax gfrla(sr- ﬂ')
a

e Evaluation: Monte Carlo Prediction

evaluation

0 Q

7~ greedy(Q)

improvement

* Monte Carlo control methods combined policy improvement and policy

evaluation on an episode-by-episode basis.
www.midocean.ae
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The MC generalized policy iteration algorithm

Monte Carlo ES (Exploring Starts), for estimating = ~ 7

Initialize:
n(s) € A(s) (arbitrarily), for all s € §
Q(s,a) € R (arbitrarily), for all s € §, a € A(s)
Returns(s,a) « empty list, for all s € §, a € A(s)

Loop forever (for each episode):
Choose Sy € 8, Ag € A(Sp) randomly such that all pairs have probability > 0

Generate an episode from Sy, Ag, following m: Sy, Ao, Ry, ..., Sr-1,Ar-1.Rr
G« 0
Loop for each step of episode, t =T -1,T-2,...,0:

G «vG + Ry

Append G to Returns(S;, A;)

Q(S;, A;) « average(Returns(S;, A;))
w(S;) « argmax, Q(S;, a)

www.midocean.ae
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SA

Reternma($ A)

Q3 A)

ME Sick

Doalor| |

Exploring starts requires that episodes begin with a random state and action.

Luckily for us, our version of blackjack naturally starts in random states. Then, all
we have to do is to randomly select the first action in each episode.

www.midocean.ae
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QS .A)
S A Meterm S A) b 4o 2
ME Stck

Action: Hit

Qs A)
S A MeturrniS _A) b ge 2
ME Stk

Action: Stick

www.midocean.ae
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Solving Blackjack Example

SA Retermy S A)

T

XMIWJ&N =11

X = (NoAce, 20.8)

www.midocean.ae
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Solving Blackjack Example

SA Reternm($ A) DO&I'OI’

(S E——— nl
B n'u

www.midocean.ae
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Solving Blackjack Example

SA

Reterm$ A)

1 3

X 3tica

|
{

RetarralX Stich) = 1)

Y Mn

Reterns(Y 060 = [1)

X = (NoAce, 20, 8)
Y = (NoAce, 1), 8)

www.midocean.ae
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ﬂ:*
]21 121
=R {19 = STICK 119
Usable 1 ' 118 3 No {18
ace 116 © usable 116
T 115 2 ace 115
14 = 114
113 Q- HIT 113
112 112
llllllllll 11 A A A ' ' A A A ' 11
A234567 8910 A234567 8910

Dealer showing

« When repeating this process over many episodes. The action values and the policy will
approach their optimal values.

« Let's look at the optimal policy that the agent found after we ran it for a really long time.

Notice how the agent plays when it has the usable ace. For most dealer cards, the agent hits
until it has the sum near 19.

« With a usable ace, the agent has a lot more flexibility in calculating the sum of its cards, so

the policy is much more aggressive. www.midocean.ae
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