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Normal Probability Distributions

5.1 Introduction to Normal Distributions and the Standard Normal Distribution
5.2 Normal Distributions: Finding Probabilities

5.3 Normal Distributions: Finding Values

5.4 Sampling Distributions and the Central Limit Theorem

5.5 Normal Approximations to Binomial Distributions
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Introduction to Normal Distributions

Continuous random variable
Has an infinite number of possible values that can be represented by an
interval on the number line.

Hours spent studying in a day The time spent

studying can be any

0 3 6 9 12 15 18 21 o4 number between O
and 24.

Continuous probability distribution
The probability distribution of a continuous random variable.
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@Sl eron)ldeoly
EVERYONE'S SMART UNIVERSITY 3



Properties of a Normal Distribution

Normal distribution
* A continuous probability distribution for a random variable, x.
 The most important continuous probability distribution in statistics.

* The graph of a normal distribution is called the normal curve.

<]
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Properties of a Normal Distribution

i N
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The mean, median, and mode are equal.
The normal curve is bell-shaped and symmetric about the mean.
The total area under the curve is equal to one.

The normal curve approaches, but never touches the x-axis as it extends
farther and farther away from the mean.

Total area=1




Properties of a Normal Distribution

5. Between u—oand p+ o (in the center of the curve), the graph curves
downward. The graph curves upward to the left of L — o and to the right
of u+ 0. The points at which the curve changes from curving upward to
curving downward are called the inflection points.

Inflection points
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Means and standard deviations

* A normal distribution can have any mean and any positive standard deviation.
 The mean gives the location of the line of symmetry.

e The standard deviation describes the spread of the data.

Inflection
poanks
01234567 81 345 § 17 01 1144368673 °
u=3.5 u=3.5 u=1.5
c=15 c=0.7 c=0.7
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Example

 Which curve has the greater mean?

 Which curve has the greater standard deviation?

Curve A has the greater mean (The line of
symmetry of curve A occurs at x = 15. The line
of symmetry of curve B occurs at x = 12)

Curve B has the greater standard deviation
(Curve B is more spread out than curve A.)

<]
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Convert from normal to standard normal

If x is normal with a mean, o, and a standard deviation, o.
Any normal (X) probability can be converted to the standard normal (Z)

probability distribution with the following formula

X O —
€ F

S

This rule is very important to find the area under the normal curve.

<]
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The Standard Normal Distribution

Standard normal distribution
A normal distribution with a mean of 0 and a standard deviation of 1.

* Any x-value can be transformed into a z-score by using the formula

Value - Mean X - U

g' ‘= Standard deviation . o
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The Standard Normal Distribution

» If each data value of a normally distributed random
variable x 1s transformed 1nto a z-score, the result will
be the standard normal distribution.

Normal Distribution Standard Normal
Distribution
o /Z;N
o oc=1

pn X p=0 Z

* Use the Standard Normal Table to find the
g‘ cumulative area under the standard normal curve.
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Properties of the Standard Normal Distribution

1. The cumulative area is close to O for z-scores close to z = —3.49.
2. The cumulative area increases as the z-scores increase.

Area 1s
close to 0
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* Find the cumulative area that corresponds to a z-score of 1.15.

v

.03 .04 .05 .06

z .00 01 .02
0.0 5000 .5040 5080
0.1 5398 5438 5478
0.2 5793 5832 5871
SNAALD . ‘-@Ms.,.,“—l-.
-l o:_a e
0.9 8159 B186 8212
1.0 8413 8438 8461
= | 11 8643 8665  .8686
1.2 8849 8869 8888
13 9032 9049 9066
Al 2192 9207 9222

5517 5557 5596 5636
5910 .5948 5987 6026
..nnh‘__

e _ Bkt B e e

i
5120 .5160 5199 5239 j

8817 LgT0 T 79I Fo67 T 7995 - wy3s " 805t

8708 8729 8770
8907 8925 B9 8962
9082 9099 9115 9131
9236 9251 9265 9279

" Mﬁ‘ \\."H—s r_~~_*..-~ I \’,’.Jﬂ\.

8238  .8264 8289 8315
8485 8508 : 8554

a' The area to the leftof z=1.15 1s 0.8749.
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Example: Using The Standard Normal Table

* Find the cumulative area that corresponds to a z-score of -0.24.

v

z .09 .08 07 .06 05 .04 .03

—-34 0002 0003 .0003 .0003 .0003 0003 .0003
-3.3 0003 0004 0004 0004 .0004 0004 .0004
. —3.2 0005 0005 .0005 .0006 .0006 0006 .0006

O T e T e T N e L

e = [T 776" 72810 “ <2833 2By — 3913 77 3948 <2981
—-04 3121 3156 3192 3228 3264 3300 3336

-0.3 3483 3520 3557 3594 3632 3069 .3707

= | —-0.2 3859  .3897 3936 3974 4013 4090

-0 A247 4286 4325 4364 4404 R 4483

a0 1 A0 4081 - -'.4.?.2.1..,.. A28 4801 .484Q -.ﬁ%g

g‘ The area to the left of z=-0.24 is 0.4052.
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Example: Using The Standard Normal Table

* Find the cumulative area that corresponds to a z-score of -0.24.

v

z .09 .08 07 .06 05 .04 .03

—-34 0002 0003 .0003 .0003 .0003 0003 .0003
-3.3 0003 0004 0004 0004 .0004 0004 .0004
. —3.2 0005 0005 .0005 .0006 .0006 0006 .0006

O T e T e T N e L

e = [T 776" 72810 “ <2833 2By — 3913 77 3948 <2981
—-04 3121 3156 3192 3228 3264 3300 3336

-0.3 3483 3520 3557 3594 3632 3069 .3707

= | —-0.2 3859  .3897 3936 3974 4013 4090

-0 A247 4286 4325 4364 4404 R 4483

a0 1 A0 4081 - -'.4.?.2.1..,.. A28 4801 .484Q -.ﬁ%g

g‘ The area to the left of z=-0.24 is 0.4052.
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The Standard Normal Table

—34 0002 0003 0003 0003 0 0003 0003 0003 0003 D003 .0003
—3.3 0002 0004 0004 0004 0004 0004 0004 0005 D005 0005
—3.2 D005  OOOS 0005 0006 D006  ODDS 0006  .DOD6 D007 .0007
—3a 0007  OOO7 0003 0008 OO0 ODOS 0009 0009 D009 .0010
—3.0 0010 0010 0011 0011 0011 0012 0012 0013 0012 .0013
—29 0014 0014 0015 0015 0016 0016 0017 0018 D018 .0019
—2.8 0019 0020 0021 0021 0022 0033 0023 0024 D025 0026
—27 0026 D027 0023 0029 0030 0031 0032 0033 D034 0035
—2.6 D036 D037 0033 0039 0040 0041 0043 D044 D045 0047
—25 0048 0049 0051 0052 0054  OOS5 0057 0059 0060 .0062
—24 D064 D0S5 0063 0069  0O71 0073 0075 DOTE  O0E0 0082
—2.3 ODB4  OOBY 0089 0091 0094 0096 0099 0102 0104 0107
—2.2 0110 0113 0116 0119 0122 0135 0129 0132 0136 .0139
—21 0143 0146 0150 0154 0158 0162 0166 0170 0174 0179
—2.0 0183 OISR 0192 0197 0202 007 0212 0217 0222 0228
—1.9 0233 0239 0244 0250 0256 0352 0268 0274 0281 0287
—1.8 0294 0301 0307 0314 0322 0339 0336 0344 0351 .0359
—1.7 0367 0375 0384 0392 0401 0409 0418 0427 0436 0446
—1.6 D455 D465 0475 0485 0495 0505 0516 0526 D537  .0548
—1.5 0559 0571 0582 0594 0606 0618 0630 0643 D655 0668
—1.4 D6B1 0694 0708 0721 0735 0749 0764 OFFE 0793 0808
—1.3 0B23 0E38 0853 0869 OS85 0901 0918 0934 0951  .0968
—1.2 0985 1003 1020 1038 1056 1075 1093 1112 1131 1151
—1a J170 1180 1210 1230 1251 1271 1292 1314 1335 1357
—1.0 A379 1401 1423 1446 1469 1492 1515 1539 1562  .1587
—0.9 A611 1635 1es0 1685 1711 1736 1762 I7BE 1814 1841
—0.8 JABE7 1894 1922 1949 1977 2005 2033 2061 2090 2119
—0.7 2148 2177 2206 2236 2266 2296 2327 2358 I389 2420
— 0.6 2451 2483 2514 3546  I5FE 2611 2643 2676 2709 2743
—0.5 2776 2810 2843 2877 2912 32946 2981 3015 3050 3085
—0.4 3121 3156 3192 3228 3264 3300 3336 3372 3409 3446
—0.3 3483 3520 3557 3504 3532 3669 3707 3745 3783 3821
—0.2 3850 3897 3936 3974 4013 4052 4090 4129 4168 4207
—0.1 4247  AZB6 4335 4364 4404 4443 4483 4522 4562 4602
@Sl erol dooly — 0.0 A641  A681 4721 AT61  ABD1  AS40 4880 4020  A90 5000
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The Standard Normal Table

2.
3.2
F3
3.4

S0
S393
L5793
BH17F
a554
H915
FA5T
530
Jaal
159
H413
o443
Ha4a9
G032
L= e
G332
G452
9554
L=t d
G713
G772
Sd821
8841
9893
S3a
9933
a5 3

L=

5040
5438
EB3IF
BT
6591
EHIS0
F2a1
Fel1l
Fa10
B186
.B43E
Bebs
.BEED
G40
LzoF
8345
463
A564
OS540
aF1a
8yFe
L8256
0864
505
8920

8955

8a9rL
gagz
LRy

R=je ik
5995
ey

S
5508
SaQET

.6F36
SOEE
e i
FF34
.BOz3
B2ED
.B531
.BF42

115

‘DED3 .g80s8
SSE4n 8450
SOEE gaa4
Bt e 8911
Ltk g Sa32
s =y lte)
Tt | L2

LSX19
STF14
6103

7190
51T
JE23
B106
BI65
.B5OD
BE1D
.Boay
Sle2
L3065
R e
[535
L6525
L5909
arel
L8z
L8544
LEET
L9113
Loz
L4951
L9e3E
L9F3
SaE0

5359
5753
&E141

L
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Finding Areas Under the Standard Normal Curve

I. Sketch the standard normal curve and shade the
appropriate area under the curve.

2. Find the area by following the directions for each

case shown.

a. To find the area to the /eff of z, find the area that
corresponds to z in the Standard Normal Table.

2. The area to the left
of z=1.231s 0.8907

L2y

1. Use the table to find the”
area for the z-score

@Sl erol dooly .
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Finding Areas Under the Standard Normal Curve

To find the area to the right of z, use the Standard Normal Table to find the
area that corresponds to z. Then subtract the area from 1.

3. Subtract to find the area
to the right of z = 1.23:
1 —0.8907 =0.1093.

2. The area to the left
of z=1.23 is 0.8907

123

1. Use the table to find the”

area for the z-score

<]
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Normal Distributions: Finding Probabilities

If X value equal to 600, we have to transform this value to standard
value by the rule to be able to use the table:

X—u 600-500
o3 100

Z = 1

@Sl aronlldeoly
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Chapter

05 Example: Finding Probabilities for Normal Distributions

A survey indicates that people use their computers an average of 2.4 years
before upgrading to a new machine. The standard deviation is 0.5 year. A
computer owner is selected at random. Find the probability that he or she will

use it for fewer than 2 years before upgrading. Assume that the variable x is
normally distributed.

Solution:

We need to find P(x < 2)

<]
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Solution: Finding Probabilities for Normal Distributions

P(x<2)=P(z<-0.80)=0.2119

—0.6
=5
—0.4
—0.3
—0.2
—0.1

—0.0

.2451
2776
3121
3483
.3859
A247
A641

.2483
2810
3156
3520
3897
4286
A681

2514

3192
3557
3936
4325
A721

2546
2877
3228
3594
3974
4364
A761

2643
2981
3336
3707
4090
4483
A880

2676
3015
3372
3745
A129
4522
4920

22




Example: Finding Probabilities for Normal Distributions

A survey indicates that for each trip to the supermarket, a shopper spends an
average of 45 minutes with a standard deviation of 12 minutes in the store.
The length of time spent in the store is normally distributed and is
represented by the variable x. A shopper enters the store. Find the probability
that the shopper will be in the store for between 24 and 54 minutes.

Solution:

We need to find P(24< x < 54)

<]
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Chapter

05 Solution: Finding Probabilities for Normal Distributions

a7 J0a L)

5279 5319 5350
56/5 5714 L5753
s0e4 6102 5141
£443 B4B0 BR1T

X-u 24-45 :
=T =S =175 o
_ X-u _54-45 =

)= = =0.75 T

Z

Z

JI5F 7190 TXM
J486 517 TR49
S FRF3 TES2
A078 Bloe  B133

P(175<z<075) - eomwomRommomm o SRR oRR Ss

.03 02 01 .00

0003 .0003 0003 .0003
0004 0005 0005 0005

0336 0344 0351 .0359

0418 0427 0436 0445

. panis 0516 0526 0537 0548

=15 0559 0571 0582 0594 0606 0618  .0630 0643 0655 0668

—1.4 0681 0694 0708 0721 0735 0749 0764 0778 0793 0808

—-13 0823 0838 0853 0869 0885 0901 0918 0934 0951 0968

—1.2 0985 L1003 1020 1038 1056 1075 1093 112 1131 1151

_1 "?5 0 0 75 =1.1 1170 1190 1210 1230 1251 1271 1292 1314 1335 1357
* — 1.0 1379 L1401 1423 1446 1469 1492 1515 1539 1562 1587
—0.9 1611 .1635 1660 1685 A711 A736 1762 1788 1814 1841

—0.8 1867 1894 1922 1949 1977 2005 2033 2061 2090 2119

P(24 < x <54) = P(-1.75 < 7 < 0.75) =0.7734 — 0.0401 = 0.7333
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Example: Finding Probabilities for Normal Distributions

Find the probability that the shopper will be in the store more than 39
minutes. (Recall p = 45 minutes and o = 12 minutes)

Solution:

We need to get P(x > 39)

<]
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Chapter
05 Solution: Finding Probabilities for Normal Distributions

_ X-p_39-45

- o - -0.50

yA

P(z > -0.50)

0.3085

—

(8]

-0.50 0O

z 09 .08 07 .06 05 04 03 .02 01

—3.4 0002 0003 0003 0003 0003 0003 0003 0003 0003
—33 0003 .0004 0004 0004 0004 0004 0004 0005 0005
0006 0006 0006 0007

P(x > 39) = P(z > -0.50) = 1- 0.3085 = 0.6915

<]
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5.3 Normal Distributions: Finding Values

* Find a z-score given the area under the normal curve
* Transform a z-score to an x-value
* Find a specific data value of a normal distribution given the

probability

<]
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Example: Finding a z-Score Given an Area

Find the z-score that corresponds to a cumulative area of 0.3632.

* Locate 0.3632 in the body of the Standard Normal
Table.

z .09 .08 07 .06 .04 .03 '

05
—34 0002 0003 .0003 .0003 .0&’3 0003 .0003
-3.3 0003 0004 .0004 .0004 0004 0004 .0004
- 3.2 0005 0005 .0005 .0006 0006 0006 .0006

T N EATL A AN L A P ANEA D a0 T A P D e a D m T AN mr N BT, AN L S A e AN

TEOE [TU2776 2810 (2833 Y 28y — 2917 T 13946 I298i1

-04 | 3121 3156 3192 3228 64 3300 .3336
—034—.3483 3520 3557 3594 3669 2707 3 The z-score
-0.2 | .3859 .3897 3936 .3974 4052 4090 :

-0.1 4247 4286 4325 4364 4404 4443 4483 1s -0.35.

a0 1 2040, . 408) 4721 4201 4801 | .484Q  .4880
a' * The values at the beginning of the corresponding row

825 0l pros ot and at the top of the column give the z-score.

EVERYONE'S SMART UNIVERSITY
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Transforming a z-Score to an x-Score

To transform a standard z-score to a data value x in a given
population, use the formula

X=UTZ0

<]
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Example: Finding an x-Value

The speeds of vehicles along a stretch of highway are normally distributed,
with a mean of 67 miles per hour and a standard deviation of 4 miles per hour.

Find the speeds x corresponding to z-sores of 1.96, -2.33, and 0

Use the formulax = u + zo
+ z=1.96: X =67 +1.96(4) = 74.84 miles per hour %
e 7z=-233: x=67+(-2.33)(4) =57.68 miles per hour ’é
« z=0: x =67 + 0(4) = 67 miles per hour

<]
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Chapter

05 Sampling Distributions and the Central Limit Theorem

Find sampling distributions and verify their properties
Interpret the Central Limit Theorem

Apply the Central Limit Theorem to find the probability of a sample mean

<]
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Sampling distribution of sample mean

The sampling distribution consists of the values of the

sample means, X,, X,, X;, X,, X.,...

<]
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Properties of Sampling distribution of sample mean

I. The mean of the sample means, g, 1s equal to the
population mean L.
H: = H
2. The standard deviation of the sample means, o, 1s

equal to the population standard deviation,
divided by the square root of the sample size, ».

» (Called the standard error of the mean.

<]
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Central Limit Theorem

1. If samples of size » = 30, are drawn from any
population with mean = pn and standard deviation = o,

X

M
then the sampling distribution of the sample means
approximates a normal distribution. The greater the

sample size, the better the approximation.

sl ero)ldeoly
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Central Limit Theorem

2. If the population itself is normally distributed,

the sampling distribution of the sample means is
normally distribution for any sample size n.

541 rol ooty
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Central Limit Theorem

In either case, the sampling distribution of sample
means has a mean equal to the population mean.

H: = H
The sampling distribution of sample means has a
variance equal to 1/» times the variance of the
population and a standard deviation equal to the
population standard deviation divided by the square
root of ».

| o]

o2 = C; Variance
o = 9 Standard deviation (standard
n error of the mean)

36



Example: Probabilities for x and x

A bank auditor claims that credit card balances are
normally distributed, with a mean of $2870 and a
standard deviation of $900.

. What 1s the probability that a randomly selected
credit card holder has a credit card balance less than

$2500? m

Solution:
You are asked to find the probability associated with
a certain value of the random variable x.

@Sl aronlldeoly
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Solution: Probabilities for x and x

_ X-u _2500-2870 _ . . ;
- T — 900 ~ M z 00 01 .02 .03 .04 .05 .06
00 | 5000 5040 5080 5120 5160 5199 5239

01 | 5398 5438 5478 5517 5557 5596 5636

P(z<-041) 02 | 7oy s sent ..,5312..,- 5948 5987 6026

B~ T R ML [+ M- v Ty S [T s 17 3051

1.0 8413 8438 8461 .8485 8508 - 8554
= | 11 8643 8665 8686 8708 8729 8770
1.2 8849 8869 8888 8907 8925 B934 8962
13 9032 9049 9066 9082 9099 9115 913

Al Q192 92079222 9236 9251 9265 9279

P \,-\.&M \‘“’ "~ -" -2 \,

L
0.9 8159 8186 8212 8238 8264 8289 8315 i

L

g'  P(x<2500)="P(z<-041)=0.3409

@Sl eron)ldeoly
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Example: Probabilities for x and x

o

. You randomly select 25 credit card holders. What 1s
the probability that their mean credit card balance

is less than $2500? m

Solution:
You are asked to find the probability associated with

a sample mean X.

1= 2870 o _ 990 150

n 25
<]
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Example: Probabilities for x and x

-u  2500-2870
7= = ~ -2.06 l
o 900
Jn J25 z 00 01 .02 03 .04 .05 .06 4
0.0 5000 5040 5080 5120 5160 5199  .5239
0.1 5398 5438 5478 5517 .5557 5596  .5636 j
0.2 5793 5832 5871 5910 5948 5987 6026
P(Z {: _2.06) "“\A:\-Lﬁm""‘w‘m"\rp\ .‘4""'-! B T P N ashehabo,
08881 T g0 T 36T 7967 7995 - B3s " 8051 -
0.9 8159 8186 8212 8238 8264 8289 8315
| 1.0 8413 8438 8461 8485 8508 84 8554
| — | 11 8643 8665 8686 8708 8729 8770
| 1.2 8849 8869 8888 8907 8925 BT  .8962
i - 13 9032 9049 9066 9082 9099 9115 9131
206 0 R < U B R L S 4 S

P( x < 2500) = P(z < -2.06) = 0.0197

<]
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5.5 Normal Approximations to Binomial Distributions

Determine when the normal distribution can approximate the binomial
distribution

Use the normal distribution to approximate binomial probabilities

<]

541 rol ooty
EEEEE ONE'S SMART UNIVERSITY

41



Normal Approximation to a Binomial

* The normal distribution is used to approximate the
binomial distribution when it would be impractical to
use the binomial distribution to find a probability.

Normal Approximation to a Binomial Distribution

* If np 25 and ng = 5, then the binomial random
variable x 1s approximately normally distributed with

" mean L =np

= standard deviation o =./npqg

<]
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Normal Approximation to a Binomial

* Binomial distribution: p =0.25

LT
034
0254
00
Q154
0104
005

02406 8102416132022

* As n increases the histogram approaches a normal

@Sl eron)ldeoly
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Normal Approximation to a Binomial

* The normal distribution is used to approximate the
binomial distribution when it would be impractical to
use the binomial distribution to find a probability.

Normal Approximation to a Binomial Distribution

* If np 25 and ng = 5, then the binomial random
variable x 1s approximately normally distributed with

" mean L =np

= standard deviation o =./npqg

<]
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Approximating the Binomial

Decide whether you can use the normal distribution to
approximate x, the number of people who reply yes. If
you can, find the mean and standard deviation.

. Fifty-one percent of adults in the U.S. whose New
Year’s resolution was to exercise more achieved
their resolution. You randomly select 65 adults in
the U.S. whose resolution was to exercise more
and ask each 1if he or she achieved that resolution.

<]
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* You can use the normal approximation
n=65 p=051, ¢g=049
np = (65)(0.51)=33.15>5
ng =(65)(0.49)=31.85>5

* Mean: p=np=33.15
» Standard Deviation: o0 =./npq = V65-0.51-0.49 ~ 4.03

@Sl aronlldeoly
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Chapter Summary

 Found probabilities for normally distributed

* Found a z-score given the area under the normal curve
« Transformed a z-score to an x-value

 Interpreted the Central Limit Theorem

 Used the normal distribution to approximate binomial probabilities

<]
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