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Abstract
This paper presents an efficient algorithm for globally solving a generalized linear
fractional programming problem. For establishing this algorithm, we firstly construct
a two-level linear relaxation method, and by utilizing the method, we can convert the
initial generalized linear fractional programming problem and its subproblems into
a series of linear programming relaxation problems. Based on the branch-and-bound
framework and linear programming relaxation problems, a branch-and-bound algo-
rithm is presented for globally solving the generalized linear fractional programming
problem, and the computational complexity of the algorithm is given. Finally, numer-
ical experimental results demonstrate the feasibility and efficiency of the proposed
algorithm.
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1 Introduction

In this paper, we aim to solve the generalized linear fractional programming (GLFP)
problem with the following general form:

(GLFP) :

⎧
⎪⎪⎨

⎪⎪⎩

max g(x) =
p∑

j=1

α j

Tj∏

t=1

(
c�

j t x + d jt

e�
j t x + f j t

)γ j t

s. t. x ∈ D = {x ∈ R
N |Ax � b},

where p and Tj are all natural numbers, α j and γ j t ( j = 1, · · · , p, t = 1, · · · , Tj )

are all arbitrary real numbers, D is a nonempty bounded polyhedron set. c�
j t x + d jt

and e�
j t x + f j t ( j = 1, · · · , p, t = 1, · · · , Tj ) are all affine functions defined on D

such that c�
j t x + d jt > 0 and e�

j t x + f j t > 0 for all x ∈ D.
During the past several decades, intensive researches have been developed for solv-

ing special cases of GLFP problem. In part, this is because these problems exist very
important applications in various disciplines, for example, the linear sum-of-ratios
problems are encountered in various applications such as chance-constrained opti-
mization, portfolio optimization, engineering design, risk management, multi-stage
stochastic shipping, data envelopment analysis [1,2]. Another reason for the interest
in these problems is that they generally possess multiple local optimal solutions which
are not globally optimal.

Up to today, although some researchers have developed some deterministic algo-
rithms for solving special cases of GLFP problem, to our knowledge, little work
has been done for globally finding the optimal solution of the considered problem
in this paper. For example, when p = 1, e�

j t x + f j t = 1, and γ j t = 1, GLFP
problem is reduced to a linear multiplicative programming problem; when p � 2,
Tj � 2, e�

j t x + f j t = 1, and γ j t = 1(t = 1, · · · , Tj ), GLFP problem is reduced to
a generalized linear multiplicative programming problem; for these problems, several
algorithms can be obtained in Refs. [3–7]. When p � 2, Tj = 1, and γ j t = 1, GLFP
problem is reduced to a linear sum-of-ratios problem; several algorithms can be found
in Refs. [8–10]. When e�

j t x + f j t = 1, and c�
j t x + d jt is reducible to a single variable,

then GLFP problem is reduced to a generalized polynomial problem; for this problem,
several deterministic algorithms have been presented in Refs. [11–16]. In addition, by
introducing some new variables and constraints, Jiao et al. [17] have developed a
feasible algorithm for globally solving the generalized linear fractional programming
with nonlinear constraints. Recently, by utilizing equivalent transformation and direct
linear relaxation, Liu et al. [18] and Zhang et al. [19] present two out-space branch-
and-bound algorithms for the linear multiplicative and linear sum-of-ratios problem,
respectively; by using range division and new linearizing technique, Shen et al. [20]
propose a polynomial time approximation algorithm for solving the sum or product
of linear fractional functions; based on reducing the original nonconvex problem as
a standard geometric programming problem by utilizing simple transformation and
contraction strategies, Shen et al. [21] present a practicable contraction approach for
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solving the sum of the generalized polynomial ratios problem (P) with generalized
polynomial constraints.

The purpose of this paper is to develop a unified algorithm to some variants of GLFP
problem; our study is mainly motivated by Ref. [2]. In [2] and [22], the authors also
point out that GLFP problem has been little studied in the literatures. In order to find
the global optima of GLFP problem, we use an equivalent transformation and a two-
level linear relaxation method to systematically convert GLFP problem into a series of
linear programming relaxation problems. The solutions of these converted linear pro-
gramming relaxation problems can be sufficiently close to the global optimal solution
of GLFP problem by a successive refinement process. Based on the branch-and-bound
framework, we design a branch-and-bound global optimization algorithm for GLFP
problem. Numerical experimental results show that the proposed algorithm can solve
all test examples for obtaining global optimal solutions within a given convergent
tolerance.

This paper is organized as follows. In Sect. 2, a two-level linear relaxationmethod is
constructed for deriving the linear programming relaxation problemofGLFP problem.
A branch-and-bound algorithm in which the linear programming relaxation problems
are embedded is established in Sect. 3, its global convergence is proved, and its compu-
tational complexity is derived. Numerical experimental results are reported in Sect. 4.
Finally, some concluding remarks are described in Sect. 5.

2 Two-Level Linear RelaxationMethod

The significant operation in the development of a branch-and-bound algorithm for
GLFP problem is the construction of upper bounds for the initial problem, as well
as for its refinement subproblems. The upper bounds for the optimal values of GLFP
problem and its partitioned subproblems can be obtained by solving a series of linear
programming relaxation problems. The proposed strategy for deriving these linear
programming relaxation problems is to overestimate the objective function g(x) with
a linear function. The detailed deriving process is described as follows.

First of all, for each i = 1, · · · , N , since D is a nonempty bounded polyhedron
set, by solving the following linear programming problems:

¯
x0i =

⎧
⎪⎪⎨

⎪⎪⎩

min xi

s. t. Ax � b,

c�
j t x + d jt > 0, j = 1, · · · , p, t = 1, · · · , Tj ,

e�
j t x + f j t > 0, j = 1, · · · , p, t = 1, · · · , Tj ,

and

x̄0i =

⎧
⎪⎪⎨

⎪⎪⎩

max xi

s. t. Ax � b,

c�
j t x + d jt > 0, j = 1, · · · , p, t = 1, · · · , Tj ,

e�
j t x + f j t > 0, j = 1, · · · , p, t = 1, · · · , Tj ,
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we can obtain an initial rectangle X0, which is denoted by X0 = [
¯
x0, x̄0] =

[
¯
x0i , x̄0i ]N×1. It is obvious that the initial rectangle X0 contains the feasible region
of GLFP problem, and for all x ∈ X0, we have that c�

j t x +d jt > 0 and e�
j t x + f j t > 0

hold.
Next, we will show how to construct the linear overestimating function of the

objective function g(x). For the function g(x), without loss of generality, we assume
α j > 0 ( j = 1, · · · , m) and α j < 0 ( j = m + 1, · · · , p). Then the function g(x) can
be rewritten as follows:

g(x) =
m∑

j=1

α j

Tj∏

t=1

(
c�

j t x + d jt

e�
j t x + f j t

)γ j t

+
p∑

j=m+1

α j

Tj∏

t=1

(
c�

j t x + d jt

e�
j t x + f j t

)γ j t

.

For each term
Tj∏

t=1

(
c�

j t x+d jt

e�
j t x+ f j t

)γ j t

, since c�
j t x + d jt > 0 and e�

j t x + f j t > 0 for all

x ∈ X0, we have

Tj∏

t=1

(
c�

j t x + d jt

e�
j t x + f j t

)γ j t

= exp

⎛

⎝

Tj∑

t=1

γ j t [ln(c�
j t x + d jt ) − ln(e�

j t x + f j t )]
⎞

⎠ .

Then, we can derive an equivalent form of the function g(x) as follows:

g(x) =
m∑

j=1
α j exp

(
Tj∑

t=1
γ j t

[
ln(c�

j t x + d jt ) − ln(e�
j t x + f j t )

]
)

+
p∑

j=m+1
α j exp

(
Tj∑

t=1
γ j t

[
ln(c�

j t x + d jt ) − ln(e�
j t x + f j t )

]
)

.

To derive the linear upper bounding function (LUBF) of the objective function
g(x), we present a two-level linear relaxation method. In the first-level linear relax-
ation process, we will derive the linear lower bounding function (LLBF) and LUBF

of the function
Tj∑

t=1
γ j t

[
ln(c�

j t x + d jt ) − ln(e�
j t x + f j t )

]
, respectively. Then, in the

second-level linear relaxation process, an LUBF of the objective function g(x)will be
constructed ultimately. The detailed two-level linear relaxation process is described
as follows:
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First-level linear relaxation:
For any x ∈ X = {x ∈ R

N |
¯
x � x � x̄} ⊆ X0, for each j = 1, · · · , p, t =

1, · · · , Tj , we let

ξ l
j t = minx∈X c�

j t x + d jt , ξu
jt = maxx∈X c�

j t x + d jt , k1j t = ln ξu
jt −ln ξ l

j t

ξu
jt −ξ l

j t
,

ηl
j t = minx∈X e�

j t x + f j t , ηu
jt = maxx∈X e�

j t x + f j t , k2j t = ln ηu
jt −ln ηl

j t

ηu
jt −ηl

j t
,

φ j t (x) = ln(c�
j t x + d jt ) − ln(e�

j t x + f j t ),

φu
jt (x) = [k1j t (c

�
j t x + d jt ) − 1 − ln k1j t ] − [k2j t (e

�
j t x + f j t − ηl

j t ) + ln ηl
j t ],

φl
j t (x) = [k1j t (c

�
j t x + d jt − ξ l

j t ) + ln ξ l
j t ] − [k2j t (e

�
j t x + f j t ) − 1 − ln k2j t ].

Since ln(Y ) is a concave and monotone increasing function of Y over [Y l , Y u], its
affine convex envelope is k(Y − Y l) + ln Y l , where k = ln Y u−ln Y l

Y u−Y l . Moreover, since

the tangential approximation function of ln(Y ) is parallel with k(Y − Y l) + ln Y l ,
thus the tangential approximation point will occur at Y = 1

k , and the corresponding
tangential approximation function is kY − 1 − ln k. Hence, by geometric property of
the function ln(Y ), we have

k(Y − Y l) + ln Y l � ln(Y ) � kY − 1 − ln k.

Then, by the above discussions, we can derive the LLBF and LUBF of the functions
ln(c�

j t x + d jt ) and ln(e�
j t x + f j t ), respectively. So that we can get that

k1j t (c
�
j t x + d jt − ξ l

j t ) + ln ξ l
j t � ln(c�

j t x + d jt ) � k1j t (c
�
j t x + d jt ) − 1 − ln k1j t ,

k2j t (e
�
j t x + f j t − ηl

j t ) + ln ηl
j t � ln(e�

j t x + f j t ) � k2j t (e
�
j t x + f j t ) − 1 − ln k2j t .

Then, by the above inequalities, it follows that

ln(c�
j t x + d jt ) − ln(e�

j t x + f j t )

� k1j t (c
�
j t x + d jt ) − 1 − ln k1j t − [k2j t (e

�
j t x + f j t − ηl

j t ) + ln ηl
j t ],

and

ln(c�
j t x + d jt ) − ln(e�

j t x + f j t )

� k1j t (c
�
j t x + d jt − ξ l

j t ) + ln ξ l
j t − [k2j t (e

�
j t x + f j t ) − 1 − ln k2j t ].

Therefore, by the above inequalities, we have

φl
j t (x) � φ j t (x) � φu

jt (x). (1)
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For each j = 1, · · · , p, we let

Z j (x) =
Tj∑

t=1
γ j tφ j t (x) =

Tj∑

t=1
γ j t

[
ln(c�

j t x + d jt ) − ln(e�
j t x + f j t )

]
,

Zl
j (x) =

Tj∑

t=1,γ j t >0
γ j tφ

l
j t (x) +

Tj∑

t=1,γ j t <0
γ j tφ

u
jt (x),

Zu
j (x) =

Tj∑

t=1,γ j t >0
γ j tφ

u
jt (x) +

Tj∑

t=1,γ j t <0
γ j tφ

l
j t (x),

U (x) =
m∑

j=1
α j exp(Zu

j (x)) +
p∑

j=m+1
α j exp(Zl

j (x)).

Thus, by (1) we can obtain that

Zl
j (x) � Z j (x) � Zu

j (x).

By the above inequality, we can get that

g(x)=
p∑

j=1
α j exp

(
Z j (x)

)
�

m∑

j=1
α j exp(Zu

j (x)) +
p∑

j=m+1
α j exp(Zl

j (x)) = U (x). (2)

Hence, we can obtain the first-level relaxation overestimating function U (x) of the
function g(x) over X as follows:

U (x) =
m∑

j=1
α j exp(Zu

j (x)) +
p∑

j=m+1
α j exp(Zl

j (x)). (3)

Second-level linear relaxation:
Using the similar method as the first-level linear relaxation, we can derive the

LUBF of the function U (x). Since exp(Z) is a convex and monotone increasing
function of Z over [Zl , Zu], its affine concave envelope is B(Z − Zl) + exp(Zl),

where B = exp(Zu)−exp(Zl )

Zu−Zl . Moreover, since the tangential approximation function

of exp(Z) is parallel with B(Z − Zl) + exp(Zl), thus the tangential approximation
point will occur at ln B, and the corresponding tangential approximation function is
B(1 + Z − ln B). Hence, by geometric property of the function exp(Z), we have

B(1 + Z − ln B) � exp(Z) � B(Z − Zl) + exp(Zl).

For any x ∈ X = {x ∈ R
N |
¯
x � x � x̄} ⊆ X0, we let

Zll
j = minx∈X Zl

j (x), Zlu
j = maxx∈X Zl

j (x), K 1
j = exp(Zlu

j )−exp(Zll
j )

Zlu
j −Zll

j
,

Zul
j = minx∈X Zu

j (x), Zuu
j = maxx∈X Zu

j (x), K 2
j = exp(Zuu

j )−exp(Zul
j )

Zuu
j −Zul

j
.
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By the above discussion, we can derive the LUBF of the function exp(Zu
j (x)) and the

LLBF of the function exp(Zl
j (x)), respectively. So that we can get that

K 2
j (Zu

j (x) − Zul
j ) + exp(Zul

j ) � exp(Zu
j (x))

and

exp(Zl
j (x)) � K 1

j [1 + Zl
j (x) − ln K 1

j ].

Then, according to the above discussions, for each j = 1, · · · , m, substitute the
term exp(Zu

j (x)) by K 2
j (Zu

j (x)− Zul
j )+ exp(Zul

j ) in (3); for each j = m +1, · · · , p,

substitute the term exp(Zl
j (x)) by K 1

j [1+ Zl
j (x)− ln K 1

j ] in (3), respectively. Wemay
derive the LUBF of the function U (x) as follows:

gu(x)=
m∑

j=1

α j {K 2
j (Zu

j (x)−Zul
j )+exp(Zul

j )}+
p∑

j=m+1

α j {K 1
j [1 + Zl

j (x) − ln K 1
j ]}.

Obviously, we have

U (x) � gu(x). (4)

Combining (2) and (4), we can follow that

g(x) � U (x) � gu(x). (5)

Consequently, we can construct the corresponding approximation linear program-
ming relaxation problem (LPRP) of GLFP problem over X as follows:

(LPRP) :
{
max gu(x)

s.t. Ax � b, x ∈ X ,

where

gu(x)=
m∑

j=1

α j {K 2
j (Zu

j (x)−Zul
j )+exp(Zul

j )}+
p∑

j=m+1

α j {K 1
j [1+Zl

j (x) − ln K 1
j ]}.

From the deriving process of the LPRP, for any X ⊆ X0, the LPRP can provide
a reliable upper bound for the global optimal value of GLFP problem in the branch-
and-bound algorithm.
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3 Algorithm and Its Global Convergence

In this section, based on the above linear programming relaxation problem, we
propose a branch-and-bound algorithm for globally solving GLFP problem, and main
operations of the proposed algorithm are given as follows.

First of all, we select a rectangle bisection operation of maximum edge, which is
sufficient to ensure the global convergence of the proposed algorithm. The detailed
branching method is described as follows. Assume that Xk = [

¯
xk, x̄ k] ⊆ X0 is the

selected rectangle, where the rule of selecting the rectangle is given in Step 5 of the
proposed algorithm, let σ ∈ argmax{x̄ k

i −
¯
xk

i : i = 1, 2, · · · , N }, partition the interval
[
¯
xk
σ , x̄ k

σ ] into two subintervals [
¯
xk
σ , ¯

xk
σ +x̄ k

σ

2 ] and [¯x
k
σ +x̄ k

σ

2 , x̄ k
σ ], so that we can partition

Xk into two sub-rectangles.
Secondly, by solving a sequence of LPRP of GLFP problem, we may update the

upper bound of the optimal value ofGLFPproblem.At the same time, since the optimal
solutions of these linear programming relaxation problems are always feasible toGLFP
problem, by calculating the objective functional values of these feasible points, we
may update the lower bound of the optimal value of GLFP problem.

Thirdly, by detecting the feasibility of midpoints of each investigated sub-rectangle
and calculating the objective functional values of these feasible points, we can also
update the lower bound of the optimal value of GLFP problem.

Fourthly, similar toRef. [23], for each investigated sub-rectangle, based on the linear
relaxation of the objective function and the currently known lower bound, we may
construct optimality-based interval reducing tactics to reduce the number of iterations
needed to prove global optimality; the proposed reducing tactics are given as follows.

Without loss of generality, we rewrite the objective function of the LPRP over X
as the following form:

gu(x) =
N∑

i=1

βi xi + δ.

Denote by LBk the currently known lower bound of the global optimal value of
GLFP problem, which is obtained after k iterations, and set

RUB =
N∑

i=1,βi >0
βi x̄i +

N∑

i=1,βi <0
βi
¯
xi + δ;

ωq = LBk−RUB+max{βq x̄q ,βq
¯
xq }

βq
, q ∈ {1, · · · , N };

X̄i =
{

Xi , i �= q, i = 1, · · · , N ,

[
¯
xq , ωq)

⋂
Xq , i = q;

¯̄Xi =
{

Xi , i �= q, i = 1, · · · , N ,

(ωq , x̄q ]⋂ Xq , i = q.

Theorem 1 For any sub-rectangle X ⊆ X0, we have the following conclusions:

(i) If RUB< LBk , then the investigated sub-rectangle X exists no global optimal
solution of GLFP problem.
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(ii) If RUB� LBk , then: for any q ∈ {1, 2, · · · , N },
if βq > 0, then the sub-rectangle X̄ = (X̄i )N×1 exists no global optimal solution
of GLFP problem;
if βq < 0, then the sub-rectangle ¯̄X = ( ¯̄Xi )N×1 exists no global optimal solution
of GLFP problem.

Proof (i) If RUB< LBk , then for any x ∈ X , gu(x) � RUB < LBk , i.e., for any
x ∈ X , we have that

g(x) � gu(x) �
N∑

i=1,βi >0

βi x̄i +
N∑

i=1,βi <0

βi
¯
xi + δ = RUB < LBk .

Therefore, the investigated sub-rectangle X exists no global optimal solution of GLFP
problem.

(ii) If RUB� LBk , then, for each q ∈ {1, · · · , n}, if βq > 0, for any x ∈ X̄ , we
have xq < ωq , i.e.,

xq <
LBk − RUB + max{βq x̄q , βq

¯
xq}

βq
.

Therefore, for any x ∈ X̄ , we can get that

g(x) � gu(x)

�
N∑

i=1,i �=q
max{βi x̄i , βi

¯
xi } + δ + βq xq

<
N∑

i=1,i �=q
max{βi x̄i , βi

¯
xi } + δ + (LBk − RUB + max{βq x̄q , βq

¯
xq})

= RUB + LBk − RUB
= LBk .

Thus, for any x ∈ X̄ , we have that

g(x) � gu(x) < LBk .

Hence, the sub-rectangle X̄ = (X̄i )N×1 exists no global optimal solution of GLFP
problem.

Similarly, we can also prove that, if βq < 0, then the sub-rectangle ¯̄X = ( ¯̄Xi )N×1
exists no global optimal solution of GLFP problem.

By utilizing the conclusions of Theorem 1, we can give some reducing tactics to
delete a part of the investigated sub-rectangle in which there does not exist the global
optimal solution of GLFP problem, so that we can enhance the convergent speed of
the proposed branch-and-bound algorithm.
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3.1 Branch-and-bound algorithm

Denote by UB(Xk) and xk = x(Xk) the optimal value and the optimal solu-
tion of the LPRP over Xk , respectively. The proposed branch-and-bound algorithm is
described as follows.

Algorithm 1: Branch-and-bound algorithm
Step 1 (Initializing) Given the initial convergent error ε > 0, the initial set of all

active node �0 = {X0} and the initial set of all deleted node 
 = ∅.
Solve the LPRP over X0 to get its optimal solution x0 and optimal value UB(X0),

respectively. Denote by UB0 = UB(X0) the initial upper bound, and denote by LB0 =
g(x0) the initial lower bound.

If UB0−LB0 � ε, Algorithm 1 terminates with x0 as the global ε-optimal solution
of GLFP problem. Otherwise, let k = 0, and continue to the next step.

Step 2 (Branching) By using the proposed branching technique, we divide the
rectangle Xk into two new sub-rectangles Xk,1 and Xk,2.

Step 3 (Interval reducing)Use the proposed reducing tactics to compress each sub-
rectangle Xk,t , where t = 1, 2, and denote by 
 the set of all deleted sub-rectangles.
Meanwhile, the remainingpartition set is now�k = {X |X ∈ �k−1∪{Xk,1, Xk,2}, X /∈

}.

Step 4 (Bounding) For each sub-rectangle Xk,t , where t = 1, 2, solve the LPRP
to get its optimal solution xk,t and optimal value UB(Xk,t ), if UB(Xk,t ) < LBk , set
�k = �k \ Xk,t , and let LBk = max{LBk, g(xk,t )}.

If the midpoint xmid of Xk,t (t ∈ {1, 2}) is feasible to GLFP problem, let LBk =
max{LBk, g(xmid)}.

Denote by xk the best feasible solution such that LBk = g(xk), and denote by the
upper bound UBk = max{UB(X)|X ∈ �k}.

Step 5 (Terminating) Set �k+1 = {X |UB(X) − LBk > ε, X ∈ �k}. If
�k+1 = ∅, then Algorithm 1 terminates: select the rectangle Xk+1 such that
Xk+1 = argmaxX∈�k+1 UB(X), and let k := k + 1, and return to Step 2.

3.2 Convergence analysis

In this subsection, the global convergence of Algorithm 1 is given by following
Theorems 2 and 3.

First of all, followingTheorem2 ensures that the linear function gu(x)will infinitely
approximate the objective function g(x) as ‖x̄ −

¯
x‖ → 0.

Theorem 2 For any x ∈ X = {x ∈ R
N |̄x � x � x̄} ⊆ X0, the difference of the

functions gu(x) and g(x) satisfies that gu(x) − g(x) → 0 as ‖x̄ −
¯
x‖ → 0.

Proof For any x ∈ X , let

� = gu(x) − g(x) = [gu(x) − U (x)] + [U (x) − g(x)] = �1 + �2. (6)

From (5), we know that �1 � 0 and �2 � 0. Therefore, we only need to prove that
�1 → 0 and �2 → 0 as ‖x̄ −

¯
x‖ → 0.
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First, we consider the difference �1 = gu(x) − U (x). Let

�1
1 j = K 2

j (Zu
j (x) − Zul

j ) + exp(Zul
j ) − exp(Zu

j (x)),

�1
2 j = exp(Zl

j (x)) − K 1
j [1 + Zl

j (x) − ln K 1
j ],

we have

�1 = gu(x) − U (x)

=
m∑

j=1
α j {K 2

j (Zu
j (x) − Zul

j ) + exp(Zul
j )} +

p∑

j=m+1
α j {K 1

j [1 + Zl
j (x) − ln K 1

j ]}

−[
m∑

j=1
α j exp(Zu

j (x)) +
p∑

j=m+1
α j exp(Zl

j (x))]

=
m∑

j=1
α j

[
K 2

j (Zu
j (x) − Zul

j ) + exp(Zul
j ) − exp(Zu

j (x))
]

−
p∑

j=m+1
α j

[
exp(Zl

j (x)) − K 1
j [1 + Zl

j (x) − ln K 1
j ]
]

=
m∑

j=1
α j�

1
1 j −

p∑

j=m+1
α j�

1
2 j .

Since �1
1 j = K 2

j (Zu
j (x) − Zul

j ) + exp(Zul
j ) − exp(Zu

j (x)) is a concave function

about Zu
j (x), it can attain the maximum value �

1,max
1 j at the point ln K 2

j . Let

T1 j = exp(Zuu
j − Zul

j ) − 1

Zuu
j − Zul

j

,

then through computing we can derive the following form:

�
1,max
1 j = exp(Zul

j )(1 − T1 j + T1 j ln T1 j ).

Since |Zuu
j − Zul

j | → 0 as ‖x̄ −
¯
x‖ → 0, T1 j → 1 as |Zuu

j − Zul
j | → 0, and

�
1,max
1 j → 0 as T1 j → 1, obviously, we have

�
1,max
1 j → 0 as ‖x̄ −

¯
x‖ → 0. (7)

Similarly, we can prove that the maximum value �
1,max
2 j of the function �1

2 j =
exp(Zl

j (x)) − K 1
j [1 + Zl

j (x) − ln K 1
j ] satisfies

�
1,max
2 j → 0 as ‖x̄ −

¯
x‖ → 0. (8)
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Therefore, by (7) and (8) we have

�1 = gu(x) − U (x) =
m∑

j=1
α j�

1
1 j −

p∑

j=m+1
α j�

1
2 j → 0 as ‖x̄ −

¯
x‖ → 0. (9)

Second, we consider the difference �2 = U (x) − g(x). Let

�2
1 j = exp(Zu

j (x)) − exp(Z j (x))

and

�2
2 j = exp(Z j (x)) − exp(Zl

j (x)),

we have

�2 = U (x) − g(x)

=
m∑

j=1
α j exp(Zu

j (x)) −
m∑

j=1
α j exp(

Tj∑

t=1
γ j t [ln(c�

j t x + d jt ) − ln(e�
j t x + f j t )])

+
p∑

j=m+1
α j exp(Zl

j (x))

−
p∑

j=m+1
α j exp(

Tj∑

t=1
γ j t [ln(c�

j t x + d jt ) − ln(e�
j t x + f j t )])

=
m∑

j=1
α j [exp(Zu

j (x)) − exp(
Tj∑

t=1
γ j tφ j t (x))]

+
p∑

j=m+1
α j [exp(Zl

j (x)) − exp(
Tj∑

t=1
γ j tφ j t (x))]

=
m∑

j=1
α j [exp(Zu

j (x)) − exp(Z j (x))] +
p∑

j=m+1
α j [exp(Zl

j (x)) − exp(Z j (x))]

=
m∑

j=1
α j�

2
1 j −

p∑

j=m+1
α j�

2
2 j .

Since

�2
1 j = exp(Zu

j (x)) − exp(Z j (x)) � ‖Zu
j (x) − Z j (x)‖ sup

θ j ∈L
(

Zu
j (x),Z j (x)

)
exp(θ j ), (10)

where

L(Zu
j (x), Z j (x)) = βZu

j (x) + (1 − β)Z j (x), β ∈ [0, 1].
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For each j ∈ {1, · · · , T }, let

�2
1 j t .1 = [k1j t (c

�
j t x + d jt ) − 1 − ln k1j t ] − ln(c�

j t x + d jt ),

�2
1 j t .2 = ln(e�

j t x + f j t ) − [k2j t (e
�
j t x + f j t − ηl

j t ) + ln ηl
j t ],

�2
1 j t .3 = ln(c�

j t x + d jt ) − [k1j t (c
�
j t x + d jt − ξ l

j t ) + ln ξ l
j t ],

�2
1 j t .4 = [k2j t (e

�
j t x + f j t ) − 1 − ln k2j t ] − ln(e�

j t x + f j t ),

then it follows that

Zu
j (x) − Z j (x) =

Tj∑

t=1,γ j t >0
γ j tφ

u
jt (x) +

Tj∑

t=1,γ j t <0
γ j tφ

l
j t (x) −

Tj∑

t=1
γ j tφ j t (x)

=
Tj∑

t=1,γ j t >0
γ j t [φu

jt (x) − φ j t (x)] +
Tj∑

t=1,γ j t <0
γ j t [φl

j t (x) − φ j t (x)]

=
Tj∑

t=1,γ j t >0
γ j t

{
[k1j t (c

�
j t x + d jt ) − 1 − ln k1j t ] − ln(c�

j t x + d jt )
}

+
Tj∑

t=1,γ j t >0
γ j t

{
ln(e�

j t x+ f j t )−[k2j t (e
�
j t x + f j t − ηl

j t ) + ln ηl
j t ]
}

−
Tj∑

t=1,γ j t <0
γ j t

{
ln(c�

j t x + d jt )−[k1j t (c
�
j t x+d jt − ξ l

j t ) + ln ξ l
j t ]
}

−
Tj∑

t=1,γ j t <0
γ j t

{
[k2j t (e

�
j t x + f j t ) − 1 − ln k2j t ] − ln(e�

j t x + f j t )
}

=
Tj∑

t=1,γ j t >0
γ j t (�

2
1 j t .1 + �2

1 j t .2) −
Tj∑

t=1,γ j t <0
γ j t (�

2
1 j t .3 + �2

1 j t .4).

Since the function �2
1 j t .1 is a convex function about (c

�
j t x + d jt ), it can obtain the

maximum value �
2,max
1 j t .1 at the point ξ l

j t or ξu
jt . Then through computing we get

�
2,max
1 j t .1 =

ln(
ξu

jt

ξ l
j t
)

ξu
jt

ξ l
j t

− 1
− 1 − ln

ln(
ξu

jt

ξ l
j t
)

ξu
jt

ξ l
j t

− 1
.

Since
ξu

jt

ξ l
j t

→ 1 as ‖x̄ −
¯
x‖ → 0, thenwe have�

2,max
1 j t .1 → 0 as ‖x̄ −

¯
x‖ → 0.Therefore,

it follows that

�2
1 j t .1 → 0 as ‖x̄ −

¯
x‖ → 0. (11)
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Similarly, we can prove that

�2
1 j t .2 → 0, �2

1 j t .3 → 0 and �2
1 j t .4 → 0 as ‖x̄ −

¯
x‖ → 0. (12)

By (11) and (12), it follows that, as ‖x̄ −
¯
x‖ → 0,

Zu
j (x) − Z j (x) =

Tj∑

t=1,γ j t >0

γ j t (�
2
1 j t .1 + �2

1 j t .2)

−
Tj∑

t=1,γ j t <0

γ j t (�
2
1 j t .3 + �2

1 j t .4) → 0. (13)

Since exp(θ j ) is a continuous and bounded function about θ j , then there exists
some M̄ > 0 such that exp(θ j ) � M̄ . Therefore, by (10) and (13), it follows that

�2
1 j � M̄‖Zu

j (x) − Z j (x)‖ → 0 as ‖x̄ −
¯
x‖ → 0.

Therefore, we have

�2
1 j → 0 as ‖x̄ −

¯
x‖ → 0. (14)

Using the similar method as the former, we can also prove that

�2
2 j → 0 as ‖x̄ −

¯
x‖ → 0. (15)

By (14) and (15), it follows that

�2 =
m∑

j=1

α j�
2
1 j −

p∑

j=m+1

α j�
2
2 j → 0 as ‖x̄ −

¯
x‖ → 0. (16)

By (6), (9) and (16), it follows that

� = gu(x) − g(x) = �1 + �2 → 0 as ‖x̄ −
¯
x‖ → 0.

By the above discussions it is obvious that the conclusion is followed.

FromTheorem2, it follows that gu(x)will infinitely approximate g(x) as‖x̄−
¯
x‖ →

0. Next, we have the following convergent conclusions.

Theorem 3 If Algorithm 1 is finite, then it terminates after k iterations, and xk is an
ε-global optimal solution of GLFP problem. Otherwise, Algorithm 1 will generate
an infinite sequence {xk} such that any of its accumulation point will be the global
solution of GLFP problem.
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Proof If Algorithm 1 is finite, then it terminates after k iterations; by the termination
condition of Algorithm 1, it follows that

UBk − LBk � ε.

By Step 4, it follows that

LBk = g(xk).

Denote by v the global optimal value of GLFP problem, by the structure of Algorithm
1 we have

v � UBk and LBk � v.

Combining the above inequalities and equivalence, it follows that

v − ε � UBk − ε � LBk = g(xk) = LBk � v.

Therefore, xk is an ε-global optimal solution of GLFP problem.
If Algorithm 1 does not terminate after k iterations, then by the structure of

Algorithm 1, we can obtain a nondecreasing sequence {UBk}, which has the lower
bound maxx∈� g(x), where � is the known feasible point set. Therefore, we have
UB = limk→∞ UBk � maxx∈� g(x).

Since {xk} ∈ X0, where X0 is a bounded close set, we can get that it must exist a
convergent subsequence {xρ} ⊆ {xk} such that limρ→∞ xρ = x∗. Obviously, we have
x∗ ∈ X0. By the structure of Algorithm 1, there must exist a subsequence {Xρ} ⊆
{Xk}, where Xk ∈ �k with xρ ∈ Xρ,UBρ = UB(Xρ) = gu(xρ), limρ→∞ xρ = x∗
and limρ→∞ Xρ = x∗. By Theorem 2 and the continuity of g(x), it follows that

lim
ρ→∞UBρ = lim

ρ→∞UB(Xρ) = lim
ρ→∞ gu(xρ) = lim

ρ→∞ g(xρ) = g(x∗).

Since xρ is always feasible to GLFP problem, it is obvious that x∗ is also a feasible
solution for GLFP problem. Therefore, x∗ is the global optimal solution for GLFP
problem. The proof is completed.

3.3 Computational complexity of Algorithm 1

In this subsection, to get the computational complexity of Algorithm 1, first of all,
we give the gap between gu(x) and g(x) with relationship of (x̄ −

¯
x) as follows.

3.3.1 The gap between gu(x) and g(x)with relationship of (x̄ −
¯
x)

From above Theorem 2, we have that

gu(x) − g(x) = gu(x) − U (x) + U (x) − g(x).
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By the proving process of Theorem 2, we have

gu(x) − U (x) =
m∑

j=1
α j

[
K 2

j (Zu
j (x) − Zul

j ) + exp(Zul
j ) − exp(Zu

j (x))
]

−
p∑

j=m+1
α j

[
exp(Zl

j (x)) − K 1
j [1 + Zl

j (x) − ln K 1
j ]
]
.

For any x ∈ X0, for each j = 1, · · · , p, t = 1, · · · , Tj , we define

ξ̂ l
j t = minx∈X0 c�

j t x + d jt , η̂l
j t = minx∈X0 e�

j t x + f j t , Ẑ uu
j = maxx∈X0 Zu

j (x).

Obviously, we have that

k1j t � 1

ξ̂ l
j t

and k2j t � 1

η̂l
j t

, j = 1, · · · , p, t = 1, · · · , Tj ;

and for any x ∈ X ⊆ X0, for any j = 1, · · · , p, we have that

Ẑ uu
j = max

x∈X0
Zu

j (x) � max
x∈X

Zu
j (x) = Zuu

j .

From the proving process of Theorem 2, for any x ∈ X ⊆ X0, we have that

K 2
j (Zu

j (x) − Zul
j ) + exp(Zul

j ) − exp(Zu
j (x))

� K 2
j (Zuu

j − Zul
j ) + exp(Zul

j ) − exp(Zu
j (x))

= exp(Zuu
j ) − exp(Zul

j ) + exp(Zul
j ) − exp(Zu

j (x))

= exp(Zuu
j ) − exp(Zu

j (x))

� exp(Zuu
j )(Zuu

j − Zul
j )

� exp(maxx∈X0 Zu
j (x))(Zuu

j − Zul
j )

= exp(Ẑ uu
j ) ×

[
Tj∑

t=1
|γ j t |k1j t

N∑

i=1
|c jti |(x̄i −

¯
xi ) +

Tj∑

t=1
|γ j t |k2j t

N∑

i=1
|e jti |(x̄i −

¯
xi )

]

= exp(Ẑ uu
j ) ×

[
N∑

i=1

(
Tj∑

t=1
k1j t |γ j t c j ti | +

Tj∑

t=1
k2j t |γ j t e j ti |

)

(x̄i −
¯
xi )

]

= exp(Ẑ uu
j ) ×

[
N∑

i=1

(
Tj∑

t=1
(k1j t |γ j t c j ti | + k2j t |γ j t e j ti |)

)

(x̄i −
¯
xi )

]

� exp(Ẑ uu
j ) ×

[
N∑

i=1

(
Tj∑

t=1
( 1
ξ̂ l

j t
|γ j t c j ti | + 1

η̂l
j t
|γ j t e j ti |)

)

(x̄i −
¯
xi )

]
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and

exp(Zl
j (x)) − K 1

j [1 + Zl
j (x) − ln K 1

j ]
� maxx∈X {exp(Zl

j (x)) − K 1
j [1 + Zl

j (x) − ln K 1
j ]}

= maxx∈X {K 1
j (Zl

j (x) − Zll
j ) + exp(Zll

j ) − exp(Zl
j (x))}

� maxx∈X {K 1
j (Zlu

j − Zll
j ) + exp(Zll

j ) − exp(Zl
j (x))}

= maxx∈X {exp(Zlu
j ) − exp(Zll

j ) + exp(Zll
j ) − exp(Zl

j (x))}
= maxx∈X {exp(Zlu

j ) − exp(Zl
j (x))}

= exp(Zlu
j ) − exp(Zll

j )

� exp(Zlu
j )(Zlu

j − Zll
j )

� exp(maxx∈X0 Zl
j (x))(Zlu

j − Zll
j )

� exp(maxx∈X0 Zu
j (x))(Zlu

j − Zll
j )

= exp(Ẑ uu
j ) ×

[
Tj∑

t=1
|γ j t |k1j t

N∑

i=1
|c jti |(x̄i −

¯
xi ) +

Tj∑

t=1
|γ j t |k2j t

N∑

i=1
|e jti |(x̄i −

¯
xi )

]

= exp(Ẑ uu
j ) ×

[
N∑

i=1

(
Tj∑

t=1
k1j t |γ j t c j ti | +

Tj∑

t=1
k2j t |γ j t e j ti |

)

(x̄i −
¯
xi )

]

= exp(Ẑ uu
j ) ×

[
N∑

i=1

(
Tj∑

t=1
(k1j t |γ j t c j ti | + k2j t |γ j t e j ti |)

)

(x̄i −
¯
xi )

]

� exp(Ẑ uu
j ) ×

[
N∑

i=1

(
Tj∑

t=1
( 1
ξ̂ l

j t
|γ j t c j ti | + 1

η̂l
j t
|γ j t e j ti |)

)

(x̄i −
¯
xi )

]

.

Therefore, combining the above inequalities together, we have

gu(x) − U (x)

=
m∑

j=1
α j

[
K 2

j (Zu
j (x) − Zul

j ) + exp(Zul
j ) − exp(Zu

j (x))
]

−
p∑

j=m+1
α j

[
exp(Zl

j (x)) − K 1
j [1 + Zl

j (x) − ln K 1
j ]
]

�
m∑

j=1
α j exp(Ẑ uu

j ) ×
[

N∑

i=1

(
Tj∑

t=1
( 1
ξ̂ l

j t
|γ j t c j ti | + 1

η̂l
j t
|γ j t e j ti |)

)

(x̄i −
¯
xi )

]

−
p∑

j=m+1
α j exp(Ẑ uu

j ) ×
[

N∑

i=1

(
Tj∑

t=1
( 1
ξ̂ l

j t
|γ j t c j ti | + 1

η̂l
j t
|γ j t e j ti |)

)

(x̄i −
¯
xi )

]

=
N∑

i=1

{
p∑

j=1
|α j | exp(Ẑ uu

j )

(
Tj∑

t=1
( 1
ξ̂ l

j t
|γ j t c j ti | + 1

η̂l
j t
|γ j t e j ti |)

)}

(x̄i −
¯
xi ).
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By the proving process of Theorem 2, for any x ∈ X ⊆ X0, we also have

U (x) − g(x)

=
m∑

j=1
α j

[
exp(Zu

j (x)) − exp(Z j (x))
]

−
p∑

j=m+1
α j

[
exp(Z j (x)) − exp(Zl

j (x))
]

�
m∑

j=1
α j exp(Zu

j (x))
[

Zu
j (x) − Z j (x)

]
−

p∑

j=m+1
α j exp(Z j (x))

[
Z j (x) − Zl

j (x)
]

�
m∑

j=1
α j exp(Zu

j (x))
[

Zu
j (x) − Z j (x)

]
−

p∑

j=m+1
α j exp(Zu

j (x))
[

Z j (x) − Zl
j (x)

]

�
m∑

j=1
α j exp(maxx∈X0 Zu

j (x))
[

Zu
j (x) − Z j (x)

]

−
p∑

j=m+1
α j exp(maxx∈X0 Zu

j (x))
[

Z j (x) − Zl
j (x)

]

�
m∑

j=1
α j exp(Ẑ uu

j ) × maxx∈X

[
Zu

j (x) − Z j (x)
]

−
p∑

j=m+1
α j exp(Ẑ uu

j ) × maxx∈X

[
Z j (x) − Zl

j (x)
]

�
m∑

j=1
α j exp(Ẑ uu

j ) × 2

[
N∑

i=1

(
Tj∑

t=1
( 1
ξ̂ l

j t
|γ j t c j ti | + 1

η̂l
j t
|γ j t e j ti |)

)

(x̄i −
¯
xi )

]

−
p∑

j=m+1
α j exp(Ẑ uu

j ) × 2

[
N∑

i=1

(
Tj∑

t=1
( 1
ξ̂ l

j t
|γ j t c j ti | + 1

η̂l
j t
|γ j t e j ti |)

)

(x̄i −
¯
xi )

]

=
N∑

i=1
2

{
p∑

j=1
|α j | exp(Ẑ uu

j )

(
Tj∑

t=1
( 1
ξ̂ l

j t
|γ j t c j ti | + 1

η̂l
j t
|γ j t e j ti |)

)}

(x̄i −
¯
xi ).

Therefore, by the above conclusions, we can get that

gu(x) − g(x)

= [gu(x) − U (x)] + [U (x) − g(x)]
�

N∑

i=1

{

3
p∑

j=1
|α j | exp(Ẑ uu

j )

(
Tj∑

t=1
( 1
ξ̂ l

j t
|γ j t c j ti | + 1

η̂l
j t
|γ j t e j ti |)

)}

(x̄i −
¯
xi ).

Theorem 4 From the above derivation, for any x ∈ X ⊆ X0, the gap between gu(x)

and g(x) with relationship of (x̄ −
¯
x) satisfies the following inequality:

gu(x)−g(x)�
N∑

i=1

{

3
p∑

j=1
|α j | exp(Ẑ uu

j )(
Tj∑

t=1
( 1
ξ̂ l

j t
|γ j t c j ti | + 1

η̂l
j t
|γ j t e j ti |))

}

(x̄i −̄xi ).

Proof From the above derivation process, the conclusion is obvious.
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3.3.2 Computational complexity of Algorithm 1

Without losing generality, we define the size �(X) of a rectangle X = {x ∈
R

N |
¯
xi � xi � x̄i , i = 1, 2, · · · , N } ⊆ X0 by

�(X) := max{x̄i −
¯
xi | i = 1, 2, · · · , N }.

Besides, for convenience, we let

λ = max

⎧
⎨

⎩
3

p∑

j=1

|α j | exp(Ẑ uu
j )

⎛

⎝

Tj∑

t=1

(
1

ξ̂ l
j t

|γ j t c j ti | + 1

η̂l
j t

|γ j t e j ti |)
⎞

⎠ | i = 1, · · · , N

⎫
⎬

⎭
.

(17)

Theorem 5 For any given termination error ε > 0, if there exists a rectangle Xk, which
is produced by Algorithm 1 at kth iteration, and which satisfies that �(Xk) � ε

Nλ
,

then we can follow that

U B(Xk) − vk � ε,

where U B(Xk) is the optimum value of LPRP over the rectangle Xk, and vk is the
best currently known lower bound of the global optimum value for GLFP problem.

Proof Suppose that xk is the optimal solution of the linear programming relaxation
LPRP over the rectangle Xk , then xk is a feasible solution of GLFP problem over Xk .
By the definition of the lower bound vk and U B(Xk), we have that

g(xk) � vk � U B(Xk) = gu(xk).

Thus, according to Steps 4 and 5 of Algorithm 1 and Theorem 4, it follows that

UB(Xk) − vk � gu(xk) − g(xk)

�
N∑

i=1

{

3
p∑

j=1
|α j | exp(Ẑ uu

j )

(
Tj∑

t=1
( 1
ξ̂ l

j t
|γ j t c j ti | + 1

η̂l
j t
|γ j t e j ti |)

)}

(x̄ k
i −

¯
xk

i )

�
N∑

i=1
(�(Xk)λ)

� Nλ�(Xk).

Further, by the above inequalities and �(Xk) � ε
Nλ

, we can get that

UB(Xk) − vk �
N∑

i=1

(λ�(Xk)) � ε.

The proof of the Theorem 5 is completed.
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From Step 5 of Algorithm 1 and Theorem 5, it is obvious, if �(Xk) � ε
Nλ

, then
the rectangle Xk will be deleted. Hence, if the sizes of all rectangles X produced by
Algorithm 1 satisfy �(X) � ε

Nλ
, then Algorithm 1 will be stopped. By Theorem 5,

we can derive the maximum iterations of the algorithm, which is given by following
Theorem 6.

Theorem 6 For any given termination error ε > 0, Algorithm 1 can obtain a global
ε-optimal solution of the GLFP problem in at most

N̂ = 2

N∑

i=1
�log2

Nλ(x̄0i −
¯
x0i )

ε
�
− 1

iterations, where λ is given in (17), and X0 =∏N
i=1 X0

i with X0
i = [̄x0i , x̄0i ].

Proof Suppose that a rectangle X = ∏N
i=1 Xi with Xi = [

¯
xi , x̄i ] ⊆ X0

i is selected
from X0 for partitioning in Step 2 of the algorithm for each iteration. Without losing
generality, assume that after Ni iterations there exists a subinterval X Ni

i = [
¯
x Ni

i , x̄ Ni
i ]

of the interval X0
i = [

¯
x0i , x̄0i ] such that, for each i = 1, 2, · · · , N , we have that

x̄ Ni
i −

¯
x Ni

i � ε

Nλ
. (18)

By the branching operation of the algorithm, it can obtain that, for each i =
1, 2, · · · , N ,

x̄ Ni
i −

¯
x Ni

i = 1

2Ni
(x̄0i −

¯
x0i ). (19)

By (18) and (19), for each i = 1, 2, · · · , N , we can follow that

1

2Ni
(x̄0i −

¯
x0i ) � ε

Nλ
.

Thus, for each i = 1, 2, · · · , N , we can obtain that

Ni � log2
Nλ(x̄0i −

¯
x0i )

ε
.

For each i = 1, 2, · · · , N , let

N̄i = �log2
Nλ(x̄0i −

¯
x0i )

ε
�.

Then, after N̂1 =
N∑

i=1
N̄i iterations, the algorithm will generate at most N̂1 + 1 sub-

rectangles, and denote these sub-rectangles as X1, X2, · · · , X N̂1+1, which satisfy that

�(X τ ) = 2N̂1−τ�(X N̂1) = 2N̂1−τ�(X N̂1+1), τ = N̂1, N̂1 − 1, · · · , 2, 1, (20)
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where �(X N̂1) = �(X N̂1+1) = max{x̄ N̄i
i −

¯
x N̄i

i | i = 1, 2, · · · , N } and

X0 =
N̂1+1⋃

τ=1

X τ . (21)

At the same time, put this N̂1 + 1 sub-rectangles into the set �N̂1+1, i.e.,

�N̂1+1 = {X τ |τ = 1, 2, · · · , N̂1 + 1}.

From (18), we can follow that

�(X N̂1) = �(X N̂1+1) � ε

Nλ
. (22)

For the convenience of narration, we denote �̄ = �(X N̂1) = �(X N̂1+1). Thus, from
(22), it follows that

�̄ � ε

Nλ
. (23)

Thus, from Theorem 5 and Step 5 of the algorithm, there doesn’t exist the global

optimal solution of GLFP problem over X N̂1 and X N̂1+1, so that the rectangles X N̂1

and X N̂1+1 will be deleted from the set �N̂1+1. Next, the residual sub-rectangles will

be put into the set �N̂1 , where

�N̂1 = �N̂1+1 \ {X N̂1 , X N̂1+1} = {X τ |τ = 1, 2, · · · , N̂1 − 1}.

and the residual sub-rectangles Xt , t = 1, 2, · · · , N̂1 − 1, will be considered further.

Next, we investigate the rectangle X N̂1−1. By (20), using the branching operation

to subdivide X N̂1−1 once, we can get two new sub-rectangles X N̂1−1,1 and X N̂1−1,2,
such that

X N̂1−1 = X N̂1−1,1
⋃

X N̂1−1,2 (24)

and

�(X N̂1−1) = 2�(X N̂1−1,1) = 2�(X N̂1−1,2) = 2�̄. (25)

Thus, after N̂1 + (21 −1) iterations, by (23)–(25), the rectangle X N̂1−1 will be deleted

from the set �N̂1 , and the residual rectangles will be put into the set �N̂1−1, where

�N̂1−1 = �N̂1+1 \ {X N̂1−1, X N̂1 , X N̂1+1} = {X τ |τ = 1, 2, · · · , N̂1 − 2}.
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Similarly, when Algorithm 1 carries out N̂1 + (21 − 1) + (22 − 1) iterations, the

rectangle X N̂1−2 will be deleted from the set�N̂1−1 and put the residual sub-rectangles

into the set �N̂1−2, where

�N̂1−2 = �N̂1+1 \ {X N̂1−2, X N̂1−1, X N̂1 , X N̂1+1} = {X τ |τ = 1, 2, · · · , N̂1 − 3}.

Repeat the foregoing operations, until all sub-rectangles X τ (τ = 1, 2, · · · , N̂1 + 1)
are deleted from X0. Thus, by (21), the algorithm can be stopped in at most

N̂ = N̂1 + (21 − 1) + (22 − 1) + (23 − 1) + · · · + (2N̂1−1 − 1) = 2N̂1 − 1

= 2

N∑

i=1
�log2

Nλ(x̄0i −
¯
x0i )

ε
�
− 1

iterations, and the proof of the theorem is complete.

Remark 1 By Theorem 6 and steps of the algorithm, the running time of the proposed
algorithm for getting a global ε-optimal solution of the problem (GLFP) is bounded
by

2N̂ T̂ (M, N ),

where T̂ (M, N ) denotes the time spent to solve a linear programming relaxation
problem with M linear inequality constraints and N variables.

4 Numerical Experiments

To verify the feasibility of Algorithm 1, some test examples are solved on Intel(R)
Core(TM)2 i5-4590s CPU@3.0GHzmicrocomputer, the proposed algorithm is coded
in C++ software, given the convergent error ε = 10−6, the simplex method is used
to solve the LPRP, and numerical results are illustrated in Tables 1 and 2. In Tables 1
and 2,we denote “Iter.” as the number of iterations of the algorithm.Although these test
examples have a relatively small number of variables, they are still quite challenging.

Example 1 (Refs. [24,25]).

⎧
⎪⎨

⎪⎩

min
37x1 + 73x2 + 13

13x1 + 13x2 + 13
+ 63x1 − 18x2 + 39

13x1 + 26x2 + 13
s.t. 5x1 − 3x2 = 3,

1.5 � x1 � 3.
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Table 1 Numerical results for Examples 1–5

Example Refs. Optimal solution Optimal value Iter. Time/s

1 Ours (1.5, 1.5) 4.912 587 413 29 0.127 15

[24] (1.5, 1.5) 4.912 5 113 201.626

[25] (3.0, 4.0) 5.0 32 1.089 28

2 Ours (0.0, 0.0, 0.0) 3.0 37 0.109 40

[26] (0.001 3, 1.672 5, 0.0) 3.0 1 033 99.357 0

3 Ours (1.111 111 111, 0.0, 0.0) 4.090 702 948 21 0.083 11

[27] (0.001 3, 0.0, 0.0) 4.000 1 1 640 120.635

4 Ours (0, 0) 0.533 333 333 14 0.062 44

[27] (0, 0) 0.533 333 333 34 0.205 70

5 Ours (1.0, 1.0) 0.336 037 467 8 0.046 82

[17] (1.000 000 69, 1.000 000 46) 0.336 036 010 557 6.000 00

[27] (1.0, 1.0) 0.336 037 467 16 0.102 61

[28] (1.000 004 57, 1.000 000 76) 0.336 033 923 1 572 14.506 0

Table 2 Numerical results for Example 6

(p, n) Iter. Maximum node Optimal value Time/s

(6, 20) 176 2 −12.002 106 539 11.471 7

(9, 20) 182 31 −11.237 761 937 19.027 0

(11, 20) 191 31 −10.206 479 224 25.152 8

(13, 20) 195 31 −10.591 983 120 29.969 7

(15, 20) 188 28 −14.515 684 594 32.762 2

(17, 20) 191 27 −18.108 094 898 38.021 0

(20, 10) 652 145 −2.853 202 555 0 50.242 7

(40, 10) 2 182 760 −23.908 886 727 301.062

(50, 10) 1 079 341 −39.183 806 458 202.096

(60, 10) 2 305 773 −28.696 187 644 516.118

(70, 10) 9 388 3 690 −18.917 551 937 2 405.86

(80, 10) 16 869 6 734 −15.387 765 122 5 015.31

(90, 10) 21 904 8 781 −12.015 057 419 6 872.87

Example 2 (Ref. [26]).

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

max
3x1 + 5x2 + 3x3 + 50

3x1 + 4x2 + 5x3 + 50
+ 3x1 + 5x2 + 50

3x1 + 5x2 + 3x3 + 50
+ 4x1 + 2x2 + 4x3 + 50

5x1 + 4x2 + 3x3 + 50
s.t. 6x1 + 3x2 + 3x3 � 10,

10x1 + 3x2 + 8x3 � 10,
x1, x2, x3 � 0.
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Example 3 (Ref. [26]).

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max
4x1 + 3x2 + 3x3 + 50

3x2 + 3x3 + 50
+ 3x1 + 4x2 + 50

4x1 + 4x2 + 5x3 + 50
+ x1 + 2x2 + 5x3 + 50

x1 + 5x2 + 5x3 + 50

+ x1 + 2x2 + 4x3 + 50

5x2 + 4x3 + 50
s. t. 2x1 + x2 + 5x3 � 10,

x1 + 6x2 + 3x3 � 10,
5x1 + 9x2 + 2x3 � 10,
9x1 + 7x2 + 3x3 � 10,
x1, x2, x3 � 0.

Example 4 (Ref. [27]).

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

min
−x1 + 2x2 + 2

3x1 − 4x2 + 5
× 4x1 − 3x2 + 4

−2x1 + x2 + 3
s. t. x1 + x2 � 1.5,

x1 � x2,
0 � x1 � 1, 0 � x2 � 1.

Example 5 (Refs. [17,27,28]).

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

min

(
x1 + x2 + 1

x1 + x2 + 2

)1.1

×
(

x1 + x2 + 3

x1 + x2 + 4

)1.2

×
(

x1 + x2 + 5

x1 + x2 + 6

)1.2

×
(

x1 + x2 + 7

x1 + x2 + 8

)1.1

s. t. x1 − x2 = 0,
1.0 � x1 � 2.0, 1.0 � x2 � 2.0.

Todemonstrate the reliability and validity of theAlgorithm1,wehave solved randomly
generated Example 6, and numerical results are listed in Table 2.

Example 6

⎧
⎪⎪⎨

⎪⎪⎩

max g(x) =
p∑

j=1

α j

(
N∑

i=1

c ji xi + d j

)γ j1( N∑

i=1

e ji xi + f j

)γ j2

s. t. Ax � b, 0 � x � 1,

where p are all positive integers, A ∈ R
M×N , b ∈ R

M ; c ji and e ji , j = 1, · · · , p,
i = 1, · · · , N , are all randomly generated in the unit interval [0, 1]; d j and f j , j =
1, · · · , p, are all randomly generated in the interval (0, 1]; α j , γ j1 and γ j2, j =
1, · · · , p, are all randomly generated in the interval [−1, 1]; all elements of A are
randomly generated in the unit interval [0, 1]; all elements of b are randomly generated
in the interval [0, 16]; M = 5.
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Obviously, for any A ∈ R
M×N , and for any b ∈ [0, 16], we have A × 0 = 0 � b.

Therefore, 0 ∈ {x ∈ R
N | Ax � b, x � 0} always holds; it is to say the feasible

region of Example 6 has always feasible point 0.
In summary, Table 1 shows that Algorithm 1 yields better or at least the same global

optimal solutions and optimal values compared with the known algorithms; Table 2
shows the robustness and stability of the proposed algorithm.

5 Concluding Remarks

In this paper, we present a branch-and-bound algorithm for globally solving the
generalized linear fractional programming problem. In this algorithm, we construct a
two-level linear relaxation method, which is used to derive the linear programming
relaxation problem of GLFP problem. The established linear programming relax-
ation problem can provide a reliable upper bound in the proposed branch-and-bound
algorithm. By partitioning the initial rectangle region and solving a series of linear
programming relaxation problems, the proposed algorithm is globally convergent to
the global optimal solution for the initial GLFP problem. In addition, we derive the gap
between gu(x) and g(x) with relationship of (x̄ −

¯
x) and present the computational

complexity of the proposed algorithm. Finally, numerical experimental results verify
the feasibility of the proposed algorithm.
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