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Abstract

This paper presents an efficient algorithm for globally solving a generalized linear
fractional programming problem. For establishing this algorithm, we firstly construct
a two-level linear relaxation method, and by utilizing the method, we can convert the
initial generalized linear fractional programming problem and its subproblems into
a series of linear programming relaxation problems. Based on the branch-and-bound
framework and linear programming relaxation problems, a branch-and-bound algo-
rithm is presented for globally solving the generalized linear fractional programming
problem, and the computational complexity of the algorithm is given. Finally, numer-
ical experimental results demonstrate the feasibility and efficiency of the proposed
algorithm.
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1 Introduction

In this paper, we aim to solve the generalized linear fractional programming (GLFP)
problem with the following general form:

P T feTx+di, \ 1
_ ) Jjt Jt
(GLFP) : { ™ gm_z“’“( Tx+sz)

j=1 =1

where p and T; are all natural numbers, j and yj, (j =1,---,p,t =1,---,T))
are all arbitrary real numbers, D is a nonempty bounded polyhedron set. chtx +dj;

and ejTtx +fii G=1,---,p,t =1,---,T;) are all affine functions defined on D

such that c;!—tx +dj; > 0and e;!—tx + fjr > Oforallx € D.

During the past several decades, intensive researches have been developed for solv-
ing special cases of GLFP problem. In part, this is because these problems exist very
important applications in various disciplines, for example, the linear sum-of-ratios
problems are encountered in various applications such as chance-constrained opti-
mization, portfolio optimization, engineering design, risk management, multi-stage
stochastic shipping, data envelopment analysis [1,2]. Another reason for the interest
in these problems is that they generally possess multiple local optimal solutions which
are not globally optimal.

Up to today, although some researchers have developed some deterministic algo-
rithms for solving special cases of GLFP problem, to our knowledge, little work
has been done for globally finding the optimal solution of the considered problem
in this paper. For example, when p = 1, e};x + fjr = 1, and y;; = 1, GLFP
problem is reduced to a linear multiplicative programming problem; when p > 2,
T, > 2, ejTtx + fjr = lL,and y;; = 1(t = 1,---, T;), GLFP problem is reduced to
a generalized linear multiplicative programming problem; for these problems, several
algorithms can be obtained in Refs. [3-7]. When p > 2, T} = 1, and y;, = 1, GLFP
problem is reduced to a linear sum-of-ratios problem; several algorithms can be found
in Refs. [8-10]. When e};x + fjr =1,and c;x +dj; is reducible to a single variable,
then GLFP problem is reduced to a generalized polynomial problem; for this problem,
several deterministic algorithms have been presented in Refs. [11-16]. In addition, by
introducing some new variables and constraints, Jiao et al. [17] have developed a
feasible algorithm for globally solving the generalized linear fractional programming
with nonlinear constraints. Recently, by utilizing equivalent transformation and direct
linear relaxation, Liu et al. [18] and Zhang et al. [19] present two out-space branch-
and-bound algorithms for the linear multiplicative and linear sum-of-ratios problem,
respectively; by using range division and new linearizing technique, Shen et al. [20]
propose a polynomial time approximation algorithm for solving the sum or product
of linear fractional functions; based on reducing the original nonconvex problem as
a standard geometric programming problem by utilizing simple transformation and
contraction strategies, Shen et al. [21] present a practicable contraction approach for
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solving the sum of the generalized polynomial ratios problem (P) with generalized
polynomial constraints.

The purpose of this paper is to develop a unified algorithm to some variants of GLFP
problem; our study is mainly motivated by Ref. [2]. In [2] and [22], the authors also
point out that GLFP problem has been little studied in the literatures. In order to find
the global optima of GLFP problem, we use an equivalent transformation and a two-
level linear relaxation method to systematically convert GLFP problem into a series of
linear programming relaxation problems. The solutions of these converted linear pro-
gramming relaxation problems can be sufficiently close to the global optimal solution
of GLFP problem by a successive refinement process. Based on the branch-and-bound
framework, we design a branch-and-bound global optimization algorithm for GLFP
problem. Numerical experimental results show that the proposed algorithm can solve
all test examples for obtaining global optimal solutions within a given convergent
tolerance.

This paper is organized as follows. In Sect. 2, a two-level linear relaxation method is
constructed for deriving the linear programming relaxation problem of GLFP problem.
A branch-and-bound algorithm in which the linear programming relaxation problems
are embedded is established in Sect. 3, its global convergence is proved, and its compu-
tational complexity is derived. Numerical experimental results are reported in Sect. 4.
Finally, some concluding remarks are described in Sect. 5.

2 Two-Level Linear Relaxation Method

The significant operation in the development of a branch-and-bound algorithm for
GLFP problem is the construction of upper bounds for the initial problem, as well
as for its refinement subproblems. The upper bounds for the optimal values of GLFP
problem and its partitioned subproblems can be obtained by solving a series of linear
programming relaxation problems. The proposed strategy for deriving these linear
programming relaxation problems is to overestimate the objective function g(x) with
a linear function. The detailed deriving process is described as follows.

First of all, foreachi = 1,---, N, since D is a nonempty bounded polyhedron
set, by solving the following linear programming problems:

min Xx;
0 s.t. Ax < b,
Zci_ cj;x+djl>07j=1a"'7pst:19"'9ij
elx+ [ >0 =1 . pr=1-Tj
and
max Xx;
_ s.t. Ax < b,
_x.O: T .
i cix+djpp>0,j=1,---,p,t=1,---,Tj,
ejtx+fjt>0?j=17' '7p5t=15"'5Tj7

@ Springer



H-W. Jiao, Y-L. Shang

we can obtain an initial rectangle X°, which is denoted by X0 = [gco,)fo] =
[gc?, )E,Q] Nx1. It is obvious that the initial rectangle X 0 contains the feasible region
of GLFP problem, and for all x € X°, we have that c;.rtx +dj; > Oand e;x +fir>0
hold.

Next, we will show how to construct the linear overestimating function of the
objective function g(x). For the function g(x), without loss of generality, we assume
aj>0(=1,---,m)anda; <0(j =m+1,---, p). Then the function g(x) can
be rewritten as follows:

cix +djs ¢; X +dj;
gx)=) «a _—
Z ]n<j’x+f”) ];1 tl( x+f1f)

j=1 t=1

T T Vit
Jofcix+di \Y . T T
For each term [] ( L ) , since ¢;,x +dj; > Oand e;x + fj; > 0 for all

T -
=1 ejrx+/.f/

x € X% we have

T; T Vit
c.x+dj
1_[ ( = ] ) = €xp Z Vjt[ln(C;—,x +dj) — ln(e;-r[x + fio)l

t=1

Then, we can derive an equivalent form of the function g(x) as follows:

gx) = Z o j €Xp (Z Vit [IH(CJ,X +dj) — ln(e;!—tx + fjt)])
t_

j=1

+ Z o exp (Z Vit [ln(cﬂx +dj) — ln(ejT[x + fj,)]> .

j=m+1

To derive the linear upper bounding function (LUBF) of the objective function
g(x), we present a two-level linear relaxation method. In the first-level linear relax-

ation process, we will derive the linear lower bounding function (LLBF) and LUBF
T;

of the function Z Vit [ln(c x+dj) — In(e! X + f ]t)] respectively. Then, in the
=1

second-level linear relaxation process, an LUBF of the objective function g (x) will be
constructed ultimately. The detailed two-level linear relaxation process is described
as follows:
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First-level linear relaxation:
Foranyx € X = {x ¢ RV|x < x < x} € X% foreach j = 1,---,p,t =
L., T;, welet

Ing&l —Ing!,

1
E _mlnxexc x+dj,, & = MaXyex C; x+d/,, kjtz

Jt g]L"t_gj't '

lﬂﬂf;,—lﬂﬁ.]f,

th—mlnxexejtx‘f‘f/t, UJ,—maXxeXe x+f/t» T ——
jt Tt

@ji(x) = ln(cjtx +dj) — ln(e],x + fio),
{tm [k} (cjx +djo) =1 —Inkj,] — [k (e,T,x + fje = ) +Inl ],
@' () = [kj,(cjx +dji — &, )+1n$ k3, (efpx + fjo) — 1 = Inkj, 1.

Since In(Y) is a concave and monotone increasing function of Y over [Y*, Loyuy, its

. u
affine convex envelope is k(Y — Y') +1In Y, where k = % Moreover, since

the tangential approximation function of In(Y) is parallel with k(Y — ¥!) + InY!,
thus the tangential approximation point will occur at ¥ = %, and the corresponding
tangential approximation function is kY — 1 — In k. Hence, by geometric property of
the function In(Y’), we have

kY —YH+InY! <In(Y) <kY —1—Ink.

Then, by the above discussions, we can derive the LLBF and LUBF of the functions
ln(c x +dj;) and ln(e x + fj1), respectively. So that we can get that

k},(cT,erdj,—s )~|—ln§jt\ln(c X +dj) <kl (c]x+dj) —1—Ink},

ka,(ejtx + fir — njt) +1In n,l < ln(eﬂx + fir) < kf,(e;x + fi)—1— 1nk§
Then, by the above inequalities, it follows that

ln(c x+dj) — 1n(e]T,x + fir)
Kk i) = 1= Ik, — U2, (e + f0 = 1) +Ina, 1

and

In(ejx +dji) — ln(e]tx + f],)
Kl elx+dj — &)+ gl — 2 e]x + fi) — 1 —Ink2,].

Therefore, by the above inequalities, we have

(0 < dj(x) < 94, (x). (1)
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Foreachj=1,---, p, welet
Tj T;
Zi(x) = t; Vithji(x) = Z Vit [ln(c;,x +dj) —Ine],x + sz)] :
T;
Zi = 3 yidh 00+ Z Vjed, (),
t=1,y;;>0 t= 1y,,<0
T;
Zixy = X yidl )+ Z Vjrdl, (%),
t=1,y;;>0 t= 1)/],<0

Ux) = Z o) exp(Z”(x)) + Z aj exp(Zl (x)).
Jj=1 Jj=m+1

Thus, by (1) we can obtain that
Z5(x) < Zj(x) < Zj ().

By the above inequality, we can get that

P
g(x)= zlaj exp (Z;(x)) < z o exp(Z!(x)) + z s exp(Z5(x) =U). (2)
j= j j=m+

Hence, we can obtain the first-level relaxation overestimating function U (x) of the
function g(x) over X as follows:

Ux) = Zl o exP(ZM x)) + Z la/ exP(Zl (x)). 3)
j j=m+

Second-level linear relaxation:
Using the similar method as the first-level linear relaxation, we can derive the
LUBF of the function U (x). Since exp(Z) is a convex and monotone increasing

function of Z over [Zl, Z"], its affine concave envelope is B(Z — Zl) + exp(Zl),

exp(Z")—exp(Z')
Zu_7zIl

of exp(Z) is parallel with B(Z — Z') + exp(Z'), thus the tangential approximation

point will occur at In B, and the corresponding tangential approximation function is

B(1 + Z —1n B). Hence, by geometric property of the function exp(Z), we have

where B = . Moreover, since the tangential approximation function

B(1+Z—1InB) <exp(Z) < B(Z — Z') + exp(Zh).
Forany x € X = {x GRN|gc <x<x}C X0, we let

exp(Z)—exp(Z)
lu i ’
zl 7!
exp(Z4)—exp(ZY)
uu ul .
zu—2"

I . 1 I
Zjl = min,cy Zi.(x), Zj” = maxycx Zj(x), K]1 =

Z;‘l = min,cy Z;f(x), Z?” = maxycx Z?(x), Kj2. =
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By the above discussion, we can derive the LUBF of the function exp(ZJ’f (x)) and the
LLBF of the function exp(Z§ (x)), respectively. So that we can get that

K3(Z5(x) = Z4) + exp(Z]') > exp(Z] (x))
and
exp(Zé(x)) > K[+ Zi-(x) —InKj].
Then, according to the above discussions, for each j = 1, --- , m, substitute the
term exp(Z* (x)) by K?(Z;? (x) — z;f’) + exp(z;f’) in(3);foreach j =m+1,---, p,

substitute the term exp(Zi. (x)) by K ]1 [1+ Z; (x)—InK ]1.] in (3), respectively. We may
derive the LUBF of the function U (x) as follows:

g“(x)=ia,-{1<}(z;f (¥)—Z4")+exp(Z4h)} + i oj (K11 + Zj () —In K1),
Jj=1 j=m+1
Obviously, we have
Ux) < g"(x). )
Combining (2) and (4), we can follow that
g(x) S Ux) < g"(x). (&)

Consequently, we can construct the corresponding approximation linear program-
ming relaxation problem (LPRP) of GLFP problem over X as follows:

. ) max g"(x)
(LPRP) : { s.t. Ax <b, x e X,
where
m 14
g”(x)=Zaj{sz-(Zy(x)—Z?l)+exp(Zl7l)}+ Z aj{(Kj[1+Z5(x) —InK]1}.
j=1 j=m+1

From the deriving process of the LPRP, for any X € X°, the LPRP can provide
a reliable upper bound for the global optimal value of GLFP problem in the branch-
and-bound algorithm.

@ Springer



H-W. Jiao, Y-L. Shang

3 Algorithm and Its Global Convergence

In this section, based on the above linear programming relaxation problem, we
propose a branch-and-bound algorithm for globally solving GLFP problem, and main
operations of the proposed algorithm are given as follows.

First of all, we select a rectangle bisection operation of maximum edge, which is
sufficient to ensure the global convergence of the proposed algorithm. The detailed
branching method is described as follows. Assume that X k= [x*, %51 < X0 is the
selected rectangle, where the rule of selecting the rectangle is given in Step 5 of the
proposed algorithm, let o € arg max{i{‘ —xK:i=1,2,--., N}, partition the interval

k ook - k 25+ig AT ok .
[x;, x;] into two subintervals [x[, T] and [T’ X4 1, so that we can partition
X* into two sub-rectangles.

Secondly, by solving a sequence of LPRP of GLFP problem, we may update the
upper bound of the optimal value of GLFP problem. At the same time, since the optimal
solutions of these linear programming relaxation problems are always feasible to GLFP
problem, by calculating the objective functional values of these feasible points, we
may update the lower bound of the optimal value of GLFP problem.

Thirdly, by detecting the feasibility of midpoints of each investigated sub-rectangle
and calculating the objective functional values of these feasible points, we can also
update the lower bound of the optimal value of GLFP problem.

Fourthly, similar to Ref. [23], for each investigated sub-rectangle, based on the linear
relaxation of the objective function and the currently known lower bound, we may
construct optimality-based interval reducing tactics to reduce the number of iterations
needed to prove global optimality; the proposed reducing tactics are given as follows.

Without loss of generality, we rewrite the objective function of the LPRP over X
as the following form:

i

N
g'(x) =Y Bixi +9.
i=1

Denote by LBy the currently known lower bound of the global optimal value of
GLFP problem, which is obtained after k iterations, and set

N N
RUB= Y Bixi+ Y Bixi+4;
i=1,8>0 _i=1p<0
(l)q _ LkaRUB+H};3X{ﬂqu»ﬂq§q}, g€ {1’ . N},
Xi,i#q,i=1,---,N,
[Zcqswq)ﬂxqsi =4,
Xivi#qvizlv"' ’Nv

"7 (g, % 1N Xghi = q.

3< |

Theorem 1 For any sub-rectangle X € X°, we have the following conclusions:

(i) If RUB< LBy, then the investigated sub-rectangle X exists no global optimal
solution of GLFP problem.
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(i) IfRUBZ> LBy, then: forany q € {1,2,---, N},
if By > 0, then the sub-rectangle X = (X;)nx1 exists no global optimal solution
of GLFP problem;

if B4 < O, then the sub-rectangle ):( = ():( i)Nx1 exists no global optimal solution
of GLFP problem.

Proof (i) If RUB< LBy, then for any x € X, g“(x) < RUB < LBy, i.e., for any
x € X, we have that

N N
g <g'()< Y Bi%i+ Y. Pixi+8=RUB<LB.
i=1,6>0 i=1,8;<0

Therefore, the investigated sub-rectangle X exists no global optimal solution of GLFP
problem.

(ii) If RUB> LBy, then, for each ¢ € {1, ---,n},if B; > 0, for any x € X, we
have x4 < wy, i€,

LBy — RUB + max{B,x,, B;x4}

)Cq <
By
Therefore, for any x € X, we can get that
g(x) < g"(x)
N
< Y max{Bix;, Bixi} + 8+ Byxg
i=1,i#q
N
< > max{BiX;, Bix;} + 8 + (LBx — RUB + max{f,X,, ByXq})
i=1,iq
= RUB + LB; — RUB
= LBy.

Thus, for any x € X, we have that
g(x) < g"(x) < LBy.

Hence, the sub-rectangle X = (X;)yx1 exists no global optimal solution of GLFP
problem.

Similarly, we can also prove that, if 8, < 0, then the sub-rectangle X = (X)nxi
exists no global optimal solution of GLFP problem.

By utilizing the conclusions of Theorem 1, we can give some reducing tactics to
delete a part of the investigated sub-rectangle in which there does not exist the global
optimal solution of GLFP problem, so that we can enhance the convergent speed of
the proposed branch-and-bound algorithm.
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3.1 Branch-and-bound algorithm

Denote by UB(X¥) and x¥ = x(X%) the optimal value and the optimal solu-
tion of the LPRP over X¥, respectively. The proposed branch-and-bound algorithm is
described as follows.

Algorithm 1: Branch-and-bound algorithm

Step 1 (Initializing) Given the initial convergent error ¢ > 0, the initial set of all
active node Q29 = {X°} and the initial set of all deleted node A = &.

Solve the LPRP over X to get its optimal solution x° and optimal value UB(X?),
respectively. Denote by UBy = UB(X 0 the initial upper bound, and denote by LBy =
g(x%) the initial lower bound.

If UByg —LBg < &, Algorithm 1 terminates with x” as the global -optimal solution
of GLFP problem. Otherwise, let k = 0, and continue to the next step.

Step 2 (Branching) By using the proposed branching technique, we divide the
rectangle X* into two new sub-rectangles X*! and X%

Step 3 (Interval reducing) Use the proposed reducing tactics to compress each sub-
rectangle X*/, where ¢ = 1, 2, and denote by A the set of all deleted sub-rectangles.
Meanwhile, the remaining partition setisnow 2 = {X|X € Qr_U{xk!, xk2) x ¢
A}.

Step 4 (Bounding) For each sub-rectangle X k.t where t = 1,2, solve the LPRP
to get its optimal solution x% and optimal value UB(X*"), if UB(X*!) < LBy, set
Qr = % \ X7, and let LBy = max{LBy, g(x*")}.

If the midpoint x™4 of X** (¢ € {1, 2}) is feasible to GLFP problem, let LB; =
max{LBy, g(x™d)}.

Denote by x* the best feasible solution such that LBy = g(xk ), and denote by the
upper bound UB; = max{UB(X)|X € Q}.

Step 5 (Terminating) Set ;11 = {X|UB(X) — LBy > &, X € }. If
Qi41 = @, then Algorithm 1 terminates: select the rectangle X**! such that
Xkt = argmaxyeq,,; UB(X), and let k := k + 1, and return to Step 2.

3.2 Convergence analysis

In this subsection, the global convergence of Algorithm 1 is given by following
Theorems 2 and 3.

First of all, following Theorem 2 ensures that the linear function g* (x) will infinitely
approximate the objective function g(x) as [|x — x|| — O.

Theorem2 Forany x € X = {x € RN|gc <x<x}C X0, the difference of the
functions g" (x) and g(x) satisfies that g"(x) — g(x) — Oas ||x — x|| — O.

Proof For any x € X, let
A=g'x)—gx) =[g"(x) — U]+ [Ux) —gx)] = A + A% (6)

From (5), we know that A! > 0 and A% > 0. Therefore, we only need to prove that
Al > 0and A2 - Oas ||x —x|| — 0.
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First, we consider the difference A' = g*(x) — U (x). Let

A%j = K?(Z?(x) — ijl) + exp(Zf;l) — exp(Z4 (1)),
A = exp(Zi-(x)) —Kj[1+ Z;(X) ~Ink!],

we have

Al =g"(x) = U(x)
m )4
= /; ai (K7 (ZY(x) — z;fl) + exp(Z]”-l)} + 2 ofK}l+ z§(x) —InKj])

Jj=m+1
m p
—[Y ajexp(Zia) + Y ajexp(Zh ()]
j=1 Jj=m+1
2k [K2(zt0) — 22) + exp(zth) — exp(Zx)) ]
' P
- ,-zgﬂ @) [eXP(Zj-(x)) —K}[1+Z(x)—1n K}]]
m p
=2 Al = X il
j=l / j=m+1 J

Since A}j = K]Z(Z? (x) — Z]”J) + exp(Z;?l) — exp(Z? (x)) is a concave function

about ZY (x), it can attain the maximum value A }’/.max at the point In K Jz Let

exp(Z?“ — Z;fl) -1
uu __ 7ul
Zj" =2

’

Ty

then through computing we can derive the following form:

AP = exp(Z4)(1 = T1j + Ti; In Ty ).

Since |24 — z;fl| — 0as ¥ — x|l - 0, T1; — 1as|Z4 — z;fl| — 0, and

A}’jmax — 0as Ty — 1, obviously, we have
AP = Oas 1% — x|l — 0. )

Similarly, we can prove that the maximum value A;’jmax

exp(Zi. (x)) — K}[l + Zé(x) —1In K}] satisfies

of the function Aéj =

A;j“‘ax — 0as || — x|| > 0. ®)
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Therefore, by (7) and (8) we have

mn p
Al=g"0) U =Y ajAl; = ¥ «jA); = Oaslli —x| — 0. (9)
j=1 j=m+1

Second, we consider the difference A% = U(x) — g(x). Let

AT = exp(ZY(x)) — exp(Z;(x))

and
A3; = exp(Z;(x)) — exp(Z}(x)),
we have
=Ux) —gx)
T;
= Z ajexp(Z4(x)) — Z o) eXp(Z V,z[ln(cj,x +dj) — ln(e]T,x + fidD
J=1 j=1
s ajexp(Z'(x))
j_m+1
T;
— Z o exp(Z yj,[ln(cjtx +dj) — ln(ejTtx + fiD
Jj=m+1 t=1
= Z ajlexp(Z5(x)) — eXp(Z Vjt®ji(x))]
s s lexp(Z}(x)) — exp(z Vjidji ()]
j=m+
= Z ajlexp(Z5(x)) —exp(Z;(x))] + Z o [eXp(Z (x)) —exp(Z;(x))]
j=m+1
m P -
= Z(xjA%. - > Ole%-.
j=1 E S !
Since
AT; = exp(Z4(x)) —exp(Z;(x)) < 1Z%(x) = Z; ()| sup PO 10
6reL(74(x).2,()
where

L(ZY4(x), Zj(x)) = BZ4(x) + (1 = B)Z;(x), B €0, 1],
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Foreach j € {1,---, T}, let

A= [kﬂ(cj,x+dﬂ)—1 Ink!,] —In(e]x +djo),

83,y =] s+ i) — U2, (ehx + fio — i) + I, ),
A%ll 5= ln(ch +dj) — [k1 (c;'—tx +dj, — gj.t) +1In g;t],
NP [k]t(e][x Ff—1 — k2] —In(e]x + f0).

then it follows that

T; T;
Zin) = Zj = X ypdl (0 + Z Vil () = X vjedje ()
t=1,y;;>0 t=1,y;; <0 =1
Ty T;
= Y ypleh ) =1+ Y yvilel,(x) — ¢ (x)]
t=1,y;;>0 / t=1,yj; <0 J
T.
= 1§[>Oy], {[kjt(cjtx +dj) — 1 —Ink!] —In(e]x + d],)}

LY {in(efx+ fi0 =18, (efox + £ = ) + o1}

t=1‘)/j,>0
T;
S {m(c;x+d,~,)-[k},(c;x+dﬂ g+ g, }
t=1,y;;<0
T
- 3 Oyj,{[k?t(e;x—}—fﬂ)—l—lnka.t]—ln(e]Ttx—}—fj,)}
1= Vit <
U j 2 2 2 2 2
= 2 ViA+ A = X V(A s+ AT
t=1,y;;>0 t=1,y;<0

Since the function A% ;.1 1s a convex function about (C]‘sz +dj;), it can obtain the

maximum value Al - % at the point gl orE . Then through computing we get

In(f) ()
A2,max _ Ejt —1—In S}t
1je.1 — S;‘r ) S" 1.
&, sj,

. & _
Since j’ — las|x—x| — 0, then we have A% r;“ix — Oas ||x —x|| — 0. Therefore,

it
it follows that

A}, =0 as | —x|| - 0. 11
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Similarly, we can prove that
Atji2— 0. Afj3— 0and AT, — Oas||¥ — x| — 0. (12)

By (11) and (12), it follows that, as ||x — x|| — 0,

T;
Z4x) = Zix) = Y yi(AY 4 AT
t=1,y;;>0
T;
— Y vi(Alz+ AT 0. (13)
t=1,)/j1<0

Since exp(f;) is a continuous and bounded function about 6;, then there exists
some M > 0 such that exp(f;) < M. Therefore, by (10) and (13), it follows that

A}, < MIZY () — Zj ()l = Oas |5 — x]| — 0.
Therefore, we have
A%j—>0as X — x|l — 0. (14)
Using the similar method as the former, we can also prove that
A3; = Oas || — x| — 0. (15)
By (14) and (15), it follows that
m p
A=) "ajAT; = > ajA3; - Oas X — x| > 0. (16)
Jj=1 j=m+1
By (6), (9) and (16), it follows that
A=g"(x)—gx)= A"+ A? > 0 as ||x —x|| — O.
By the above discussions it is obvious that the conclusion is followed.

From Theorem 2, it follows that g“ (x) will infinitely approximate g (x) as || x —x|| —
0. Next, we have the following convergent conclusions.

Theorem 3 If Algorithm 1 is finite, then it terminates after k iterations, and x* is an
e-global optimal solution of GLFP problem. Otherwise, Algorithm 1 will generate
an infinite sequence {x*} such that any of its accumulation point will be the global
solution of GLFP problem.
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Proof If Algorithm 1 is finite, then it terminates after k iterations; by the termination
condition of Algorithm 1, it follows that

UB; — LBy < &.
By Step 4, it follows that
LB = g(x").

Denote by v the global optimal value of GLFP problem, by the structure of Algorithm
1 we have

v < UBg and LBy < v.
Combining the above inequalities and equivalence, it follows that
v—¢ <UBp —e < LBy = g(x¥) = LB < v.

Therefore, x¥ is an e-global optimal solution of GLFP problem.

If Algorithm 1 does not terminate after k iterations, then by the structure of
Algorithm 1, we can obtain a nondecreasing sequence {UBy}, which has the lower
bound max,cr g(x), where IT is the known feasible point set. Therefore, we have
UB = limy_ o UBx > maxyem g(x).

Since {xk} e X°, where XY is a bounded close set, we can get that it must exist a
convergent subsequence {x”} C {x¥} such that lim,_ 0 x” = x*. Obviously, we have
x* € XO. By the structure of Algorithm 1, there must exist a subsequence {X”} C
{X*}, where X* € @ with x* € X?,UB, = UB(X”) = g"(x), lim,_, oo x* = x*
and lim,_, o X” = x*. By Theorem 2 and the continuity of g(x), it follows that

lim UB, = lim UB(X”) = lim g"“(x”) = lim g(x”) = g(x™).
p—00 p—00 p—00 p—>00
Since x” is always feasible to GLFP problem, it is obvious that x* is also a feasible

solution for GLFP problem. Therefore, x* is the global optimal solution for GLFP
problem. The proof is completed.

3.3 Computational complexity of Algorithm 1

In this subsection, to get the computational complexity of Algorithm 1, first of all,
we give the gap between g”(x) and g(x) with relationship of (x — x) as follows.

3.3.1 The gap between g"(x) and g(x) with relationship of (x — x)
From above Theorem 2, we have that
g'(x) —g(x) =g"(x) —Ux) + U(x) — g(x).
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By the proving process of Theorem 2, we have

m

') U@ = X a; [KHZ400) = 78 + exp(Z) — exp(Z!(x) ]

j=1
p
T [exp(Zé.(x))—K}[1+Z§.(x)—an]1.]].
Jj=m+1
For any x € X0, foreachj=1,---,p, t=1,---,T;, we define

A~

1 - T A - T 5
§;, =min,cyoc;x +dji, 7, =minyoe;x+ fj, ZY" =max xo Z5(x).

Obviously, we have that

1 1 2 .
k/t<7 andkjth, ]=l,~~~,p,l‘=1,-",T]‘;
Jt Jt
and forany x € X C X0, forany j =1,---, p, we have that

Z" = max Z"(x) > max Z"(x) = Z"“*.
j vex0 cex T J

From the proving process of Theorem 2, for any x € X € X°, we have that

K2(Z!(x) — Z") + exp(Z4) — exp(Z(x))

< Kf(z;f" - Z;.‘l) + exp(z;fl ) — exp(Z4(x))

= exp(Z4") — exp(Z4') + exp(Z!') — exp(Z!(x))
= exp(Z!") — exp(Z!(x))

< exp(Z§")(Z}" — Z4h)

< exp(maxxexo_Z]’f(x))(Z;‘” — Z?l)

. T L X B T , N B
exp(Z5) x| X lyjelk;, 22 lejeil (i — xi) + 32 Nyjelks, D2 lejeil (Xi — xi)
’ t=1 i=l t=1 i=l

A N (T ) T; s B
= exp(Z7") x ki vjcejiil + 22 ki lyjeejil | (i — xi)
i=1 \r=1 t=1
5 [ (5 1 2 -
=exp(Z]") x | 22| Xk lvjecjul + k5 lyjeejiil) | (Ki — xi)

I
-
I
_

(

< exp(zzf”) X

- T
M=
—
M
J*L’|_

1 -
lyjrcjril + ﬁTthejtiD) (xXi — xi)
Jt
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and

exp(Z};(x) = Kj[1+ Z%(x) = InK}]
< maxxex{exp(Zé(x)) — K}[l + Zé(x) —1In K}]}
= maxxex (K} (Z}(x) = ZI) + exp(Z]) — exp(Z};(x))}
< maxeex (K (Z]' = Z])) + exp(Z])) — exp(Z}(x))
= maxyex {exp(Z}) — exp(Z) + exp(Z!!) — exp(Z),(x)))
= maxyex {exp(Z]) — exp(Z}(x))}
= exp(Z") —exp(Z))
<exp(ZiH(zZl — Z)
< exp(max,exo Z) () (2 = Z1)
< exp(max, . o Z? (x))(Zé.” — Zi.l)

. T; . N _ T; 5 N _
=exp(Z") x | X |vjilk;, D lejuil (i — xi) + Z lyjclks, D lejril (Xi — xi)
J 1 it & Z it

le i

= exp(Z]”.”) X

(Z k]t|y]tcjtl| + Z kjt|)/jtejtl|> (X; _xl)]
=1

I
-

i

™M=

= eXP(Z?u) X (Z(kjlh/]tcjtll + k],h/]te]n')) (xi — xl):|

I
-

™M=

< exp(Z;f”) X

(Z(él |V]tC]tz| + i |)/]te]n|)) (X; _xl):| .

1

Therefore, combining the above inequalities together, we have

¢(¥) — U
=2 (K228 — 241 + exp(24) — exp(Z2(x)

P
_ j}n;H o; [exp(Zi. () = K![1+ Z,(x) — In K}]]
m n N T; _
< aj exp(Z]W) x| 2 Z(éz lvjecjiil + Az lyjrejeil) | (xi — xi)
j=1 i=1 \t=1 °jt
P N [T
- Z O‘j exp(zuu) X Z Z z |V]tcjtz| + Al |7/]te]tz|) (Xi — xi)
j=m+ i=1 \i=1 5
N p : B
=) 12 |051|3XP(Z””) Z(Sl lyjrcjil + ﬁT_h/jtejtiD (X — xi).
i=1|j=1 Jt Jjt
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By the proving process of Theorem 2, for any x € X € X°, we also have

Ux) —g(x)
m p
=) a [CXP(Z?(X)) —exp(Z; (x))] - > aj [exp(Zj (x)) —exp(Z. (x))]
Jj=1 J—m+1
< ) ojexp(Z](x)) [ij(x) - Zj(X)] Z o) exp(Z;(x)) [z (x) — Zl/.(x)]
Jj=1 ’ j= m+1 ’
<X @) exp(Zi) [ Z4x) = Z;(0] — Y oy exp(Z(0) [2:0) - 70|
Jj=1 j=m+1
< 2 expmaxexn Z§() | 240 - 2]
]=

— Z oj exp(max ¢ xo Z (x)) [Z (x) — Zé.(x)]
Jj=m+1

i o exp(Z”“) X MaXyex [Z (x) — Zj(x)]
j=1

— Y ajenp(@) x maxex [Z(0) — Zh()]

Jj=m+1
. N (T
< Z o eXP(ZJW) x 2 Z Z(g[ [Vjicjeil + Al lyjeejiil) | (6 — xi)
j=1 i=1 \r=1 Sit
T;
T exp(Z4) x 2 2 S lyjicsil + el ) G - x0)
j=m—+1 i=1 \i=1 it Tjt
N & 1 1 -
=22 Z locj |€XP(Z”") Yo (rlvjecjiil + - lvjeejiil) | ¢ (i — xi).
i=1 |j=1 i=1 Sir Mjs

Therefore, by the above conclusions, we can get that

g"(x) —g(x)

=[g"(x) = UMW)+ [U(x) — g(x)]
N A

< Zl :3 Zl lovj | exp(Z5*) (Z(gl [jecjiil + ﬁ+|)/jtejti|))] (Xi — xi).
1= Jj= = Jt Jt

Theorem 4 From the above derivation, for any x € X C X0 the gap between g"(x)
and g(x) with relationship of (X — x) satisfies the following inequality:

g ) —gx) <Y {3 > |Otj|eXP(Z”")(Z(%_I lyjrcjsil + ﬁ+|)/jt€jti|))} (xi —xi).

i=I j=1

Proof From the above derivation process, the conclusion is obvious.
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3.3.2 Computational complexity of Algorithm 1

Without losing generality, we define the size A(X) of a rectangle X = {x €
RN'-ZCI gxl <-£19i = 1725”' 5N} gxoby

A(X) :=max{x; —x;|i=1,2,---, N}.

Besides, for convenience, we let

j=1 t=1 Sjt Jt

P Tj
A 1 1 .
A = max l3 Z latj| exp(Z?") (Z(élhszcjzﬂ + ﬁ,|Vjt€jzi|)) | i=1,--- ,N] .
a7
Theorem 5 Forany given termination errore > 0, if there exists a rectangle X*, which

is produced by Algorithm 1 at kyy, iteration, and which satisfies that A(X*) < %
then we can follow that

UB(X") — vk <,

where U B(X¥) is the optimum value of LPRP over the rectangle X*, and v* is the
best currently known lower bound of the global optimum value for GLFP problem.

Proof Suppose that x* is the optimal solution of the linear programming relaxation
LPRP over the rectangle X*, then x is a feasible solution of GLFP problem over X*.
By the definition of the lower bound v¥ and U B(X¥), we have that

g(") <V SUBXY = g" (.
Thus, according to Steps 4 and 5 of Algorithm 1 and Theorem 4, it follows that
UB(X*) — v* < g"(x%) — g (")

N p " Tj
<213 X lojlexp(Z¥) | X Grlyjecjul + = lvjeejul) | | G = x0)
i=1 | j=1 =1 Sir Mjs

N
< Y (AKX

i=I
< NAA(XD).
Further, by the above inequalities and A (X ky < ﬁ, we can get that
N
UB(X*) —v* < ) (hA(X") <.
i=1
The proof of the Theorem 5 is completed.
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From Step 5 of Algorithm 1 and Theorem 5, it is obvious, if A(X k) NA, then
the rectangle X* will be deleted Hence, if the sizes of all rectangles X produced by
Algorithm 1 satisfy A(X) < 75, then Algorithm 1 will be stopped. By Theorem 5,
we can derive the maximum iterations of the algorithm, which is given by following
Theorem 6.

Theorem 6 For any given termination error € > 0, Algorithm 1 can obtain a global
e-optimal solution of the GLFP problem in at most

N)»(‘( - )

N Z Mlog, — =1
2i=1

-1

iterations, where A is given in (17), and X° = ]_L 1 XO with X0 [x; ,xO]

Proof Suppose that a rectangle X = ]_[l-:l X; with X; = [x;,x;] € XIQ is selected
from X for partitioning in Step 2 of the algorithm for each iteration. Without losing

generality, assume that after NV; iterations there exists a subinterval X IN = [gciN" , )EiN"]
of the interval X? = [gc?, )El.o] such that, foreachi = 1,2, ---, N, we have that

=N; N; €

Xt —xt < i (18)

By the branching operation of the algorithm, it can obtain that, for each i =
,2,---,N,

_N: . L
= -, (19)

By (18) and (19), foreachi = 1,2, --- , N, we can follow that

211\7 @ - ) < Z\fk
Thus, foreachi =1, 2, ---, N, we can obtain that
Ni > log, V& 2
Foreachi =1,2,---, N, let
¥ = Mog, NAGE) — x0)

Then, after Nj = > N; iterations, the algorithm will generate at most Ny + 1 sub-
i=1

rectangles, and denote these sub-rectangles as X L x2 ... xMi+l which satisfy that

AXT) = 2T ANy = 2Nt A XM = Ry R — 1, -, 2,1, (20)
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where A(X¥) = AXM+1) = max(z™ — ™ |i=1,2,--- N} and

]\71-‘,—1

= U X", 2D
=1

At the same time, put this N 1 + 1 sub-rectangles into the set QN 1+l e,
QVIH (XTIl = 1,2, -+, Ny + 1)
From (18), we can follow that

Niy _ Ni+1 &
AN = AN < o (22)

For the convenience of narration, we denote A = A(XV1) = A(X¥1+1). Thus, from
(22), it follows that

A< % (23)

Thus, from Theorem 5 and Step 5 of the algonthm there doesn’t exist the global
optimal solution of GLFP problem over X M and XV1+1 50 that the rectangles X1
and X Ni+1 will be deleted from the set QN 1+1 Next, the residual sub-rectangles will
be put into the set QM , where

QY = @M\ (XN XNt = (xTr = 1,2, Ny — 1),

and the residual sub-rectangles X, =1, 2, - , N1 — 1, will be considered further.
Next, we investigate the rectangle X Mi-1 - By (20), using the branching operation

to subdivide X V1= once, we can get two new sub-rectangles X Ni=L1 gpg xMi-1. 2,
such that

Xﬁl—l — Xﬁ]—l,l Uxﬁl—l,z (24)
and
AN —2Ax L —2A(xM712) = 24, 25

Thus, after N 1+ (2! — 1) iterations, by (23)—(25), the rectangle X Ni—1 will be deleted
from the set 1 , and the residual rectangles will be put into the set Q-1 , where

Q=1 = Mty (x M=t x M xNi+ly —ixtie = 1,2, Ny —2).
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Similarly, when Algorithm 1 carries out N 1+ @Y= 1) + (22 — 1) iterations, the
rectangle X V1=2 will be deleted from the set Q1 ~! and put the residual sub-rectangles
into the set QV12, where

QVi=2 = Mt (xN1=2 x M-t xNi x Nty (xTir =12, Ny — 3]

Repeat the foregoing operations, until all sub-rectangles X% (v = 1,2, -, N 1+ 1)
are deleted from X°. Thus, by (21), the algorithm can be stopped in at most

N=N+Q' =D+ -+ -D+---+N7 -1 =2M_1
N NiE0—x0)
> ogy, —L—1-1

2i=1

-1
iterations, and the proof of the theorem is complete.

Remark 1 By Theorem 6 and steps of the algorithm, the running time of the proposed
algorithm for getting a global e-optimal solution of the problem (GLFP) is bounded
by

2NT (M, N),

where T(M, N) denotes the time spent to solve a linear programming relaxation
problem with M linear inequality constraints and N variables.

4 Numerical Experiments

To verify the feasibility of Algorithm 1, some test examples are solved on Intel(R)
Core(TM)2 15-4590s CPU @3.0GHz microcomputer, the proposed algorithm is coded
in C++ software, given the convergent error ¢ = 107°, the simplex method is used
to solve the LPRP, and numerical results are illustrated in Tables 1 and 2. In Tables 1
and 2, we denote “Iter.” as the number of iterations of the algorithm. Although these test
examples have a relatively small number of variables, they are still quite challenging.

Example 1 (Refs. [24,25]).

37x1 4+ 73x2 + 13  63x; — 18x2 + 39

P Bx + B+ 13 13x; + 2610 + 13
s.t. Sx; —3xp =3,
1.5 <x1 <3.
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Table 1 Numerical results for Examples 1-5

Example Refs. Optimal solution Optimal value Tter. Time/s
1 Ours (1.5, 1.5) 4.912 587 413 29 0.127 15
[24] (1.5,1.5) 49125 113 201.626
[25] (3.0, 4.0 5.0 32 1.089 28
2 Ours (0.0, 0.0, 0.0) 3.0 37 0.109 40
[26] (0.001 3, 1.672 5, 0.0) 3.0 1033 99.3570
3 Ours (1.111 111 111, 0.0, 0.0) 4.090 702 948 21 0.083 11
[27] (0.001 3, 0.0, 0.0) 4.000 1 1640 120.635
4 Ours (0,0) 0.533 333333 14 0.062 44
[27] (0,0) 0.533 333333 34 0.205 70
5 Ours (1.0, 1.0) 0.336 037 467 8 0.046 82
[17] (1.000 000 69, 1.000 000 46) 0.336 036 010 557 6.000 00
[27] (1.0, 1.0) 0.336 037 467 16 0.102 61
[28] (1.000 004 57, 1.000 000 76) 0.336 033 923 1572 14.506 0
Table 2 Numerical results for Example 6
(p,n) Iter. Maximum node Optimal value Time/s
(6, 20) 176 2 —12.002 106 539 11.4717
(9, 20) 182 31 —11.237 761 937 19.027 0
(11, 20) 191 31 —10.206 479 224 25.1528
(13, 20) 195 31 —10.591 983 120 29.969 7
(15, 20) 188 28 —14.515 684 594 327622
(17, 20) 191 27 —18.108 094 898 38.0210
(20, 10) 652 145 —2.853 2025550 50.2427
(40, 10) 2182 760 —23.908 886 727 301.062
(50, 10) 1079 341 —39.183 806 458 202.096
(60, 10) 2305 773 —28.696 187 644 516.118
(70, 10) 9388 3690 —18.917 551 937 2 405.86
(80, 10) 16 869 6734 —15.387 765 122 5 015.31
(90, 10) 21 904 8781 —12.015 057 419 6 872.87

Example 2 (Ref.

3x1 + 5x2 4+ 3x3 4+ 50

[26]).

3x1 + 5x2 + 50

4x1 + 2x72 + 4x3 + 50

ma

X 3 + 42 + 53 + 50

s.t. 6x1; + 3x + 3x3 < 10,
10x1 4 3x3 + 8x3 < 10,

X1, X2, X3

= 0.

3x1 + 5x2 4+ 3x3 + 50

5x1 +4x2 4+ 3x3 + 50
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Example 3 (Ref. [26]).

4x1 + 3x2 +3x3+ 50 3x1 +4x, + 50 x1 + 2x2 + 5x3 + 50
3x2 + 3x3 + 50 4x) 4+ 4x2 +5x3+50  x1 4+ 5x2 + 5x3 + 50
x1 + 2x2 + 4x3 + 50
S5xp + 4x3 + 50
s.t. 2x1 4+ x2 + 5x3 < 10,
X1 + 6x2 4+ 3x3 < 10,
5x1 4+ 9xp + 2x3 < 10,
9x1 4+ 7xp + 3x3 < 10,
x1,x2,x3 = 0.

max

Example 4 (Ref. [27]).

—x1+2x+2  4x;—3x+4
X

3x1 —4x2 + 5 —2x1+x2+3

s.t. x1 +xp < 1.5,

X1 < x2,

0<x1 <1, 0<x <.

min

Example 5 (Refs. [17,27,28]).
_ <x1+x2+1>]'1 <x1 +x2+3)‘-2 (x1 +x2+5>1'2
min | ————— X | ———— X | ———M—
X1 +x2+2 x1+x+4 X1 +x2+6
<x1 +)€2—i-7>1'l
X —
X1 +x2+8
s.t. x1 —xp =0,
1.0 <x1 €2.0, 1.0<x <2.0.

To demonstrate the reliability and validity of the Algorithm 1, we have solved randomly
generated Example 6, and numerical results are listed in Table 2.

Example 6

p N Yit /' N vj2
max g(x) = oj (chixi +dj) (Zejixi + fj)
1

i=1 i=1

s.t. Ax <b, 0<x <1,

where p are all positive integers, A € RMXN | ¢ RM, cjiandej;, j=1,---,p,
i =1,---, N, are all randomly generated in the unit interval [0, 1]; d; and f;, j =
1,---, p, are all randomly generated in the interval (0, 1]; o, yj1 and yj2,j =
1,---, p, are all randomly generated in the interval [—1, 1]; all elements of A are

randomly generated in the unit interval [0, 1]; all elements of b are randomly generated
in the interval [0, 16]; M = 5.
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Obviously, for any A € RM*N "and for any b € [0, 16], we have A x 0 = 0 < b.
Therefore, 0 € {x € RN | Ax < b,x > 0} always holds; it is to say the feasible
region of Example 6 has always feasible point 0.

In summary, Table 1 shows that Algorithm 1 yields better or at least the same global
optimal solutions and optimal values compared with the known algorithms; Table 2
shows the robustness and stability of the proposed algorithm.

5 Concluding Remarks

In this paper, we present a branch-and-bound algorithm for globally solving the
generalized linear fractional programming problem. In this algorithm, we construct a
two-level linear relaxation method, which is used to derive the linear programming
relaxation problem of GLFP problem. The established linear programming relax-
ation problem can provide a reliable upper bound in the proposed branch-and-bound
algorithm. By partitioning the initial rectangle region and solving a series of linear
programming relaxation problems, the proposed algorithm is globally convergent to
the global optimal solution for the initial GLFP problem. In addition, we derive the gap
between g“(x) and g(x) with relationship of (x — x) and present the computational
complexity of the proposed algorithm. Finally, numerical experimental results verify
the feasibility of the proposed algorithm.
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