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Lecture

06 Lecture Objectives

1- The first aim is to know well what we mean by infinite series

2- Secondly, The definition of convergent and divergent
3- It is important to know some notes when solving limits

4- Know the different Convergent tests

g‘ 5- Taylor series
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Lecture

06 Chapter Outline

1- Infinite Series
2- Convergent and Divergent Definition

3- Different Convergent tests

4- Taylor series
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Infinite Series

An infinite series is the sum of an infinite sequence of
numbers:

a+a, +..+a,+...

How can we find this sum of infinite numbers in a finite life
time? For his, we look at the sequence of sums of finite
number of terms, called the sequence of partial sums:

00
n=1




Lecture

06 llustrative Example

Zn=1+2+3+---
n=1

The Sum for the first two items is 3

The Sum for the first three items is 6

The Sum for the first 100 items is 5050
The Sum for the first 1000 items is 500500

It is clear that by increasing the number of items, the sum will tend to infinity

So, this series is divergent.
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Lecture

06 llustrative Example

Z()"1 1+- +1+
2 4

The Sum for thee first two items is 1.5
The Sum for thee first three items is 1.75
The Sum for thee first 10 items is 1.99805
The Sum for thee first 30 items is 1.9999

It is clear that by increasing the number of items, the sum will not be greater than 2

So, this series is Convergent at 2.
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Lecture

06 Strategy for Testing Series

1- nth Term Test

2- Direct Comparison Test

3- Limit Comparison Test

4- Cauchy Test

5- Integral Test

6- Ratio Test

g‘ 7- Root Test

asulewaiecs 8- Alternating Series Test
G ———



Lecture

06 Strategy for Testing Series

we will learn about:

The ways of testing a series for convergence or divergence.

Nth term Test Limit Comparison Test Cauchy Test

We will need some important notes for limits
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Lecture

06 Important Note for Limits:

« lim (1 +—)" =

Nn—>00
10n+8 10
e |im —
n— oo 7n+13 7
n3+n? 1
e |im = —
n—oo 2N3+3n —4 2
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Lecture

06 ****Important Notes for Limits

. i v3n. 1 1 1 2v3+13+33+/3+V3+V3
oo VA—1 _ V3 Y33 V13 V3 V3 V3 vVZ V67

n—-oo 4n-1 4
. 5n 31 5\° 125
i llm ( — ) n = (—) _ —
n-oo /n 7 343
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Lecture

06 ****Note for some series

Convergence of p-Series

The p-series

1. convergesif p > 1, and
2. divergesif 0 < p < 1.
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Lecture

06 ****Example A

Test Convergent and Divergent of the below P series

Answer: Sincep > 1, Soitis converges
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Lecture

06 ****Example B

Test Convergent and Divergent of the below P series

(0]

1

n
n=1

Bl

Answer: Sincep <1, Soitis diverges
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Lecture

06 1- nth Term Test

Limit of nth Term of a Convergent Series

o0
If ) a, converges, then lim a, = 0.

- n—00
n=1

Limit of nth-Term Test for Divergence

If lim a, # 0, then Y a, diverges.

= — -
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Lecture

06 **Example 1

Test Convergent and Divergent of the below series using nth term Test

00

2n—+ 3
5n+ 11

n=1
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Lecture

06 Example 1 Solution

o  2n+3 5 7 9
n=1lsn+11 16 21 26

L o2n+3 2
noe5n+ 11 5

So, it is Divergence
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Lecture

06 2- Limit Comparison Test

Suppose thata, > 0,5, > 0, and

’ n

where L is finite and positive. Then the two series 2 a and 2 b, either both
converge or both diverge.
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Lecture

06 Example 2

Test Convergent and Divergent of the below series using Limit Comparison test

i n+1
2n3 +3n — 4
n=1
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Lecture

06 Example 2 Solution

n2

Y. ntl D Comparison=
12n3+3n ) omparison =
n=

. , . .
By using comparison test with ), 4 —

n+1 n? n3 + n? 1

i X = =
a' nl—r>{>102n3+3n—4 1 2n3+3n —4 2
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Lecture

06 Example 2 Solution

The limit 1s not equal to zero and positive

= n+1 =1
and Z — are both convergent or divergent
Z 2n3 +3n — 4 1n2 g g

n= n=

. 1 .
Since Zlolo=1 ﬁ 1S convergent (see Example A)

n+1 -
Then Y52y 5———— Is convergent
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Lecture

06 Cauchy Test

lim a™ = L

n—>0oo

L <1 itwill be convergent
L >1 itwill bedivergent

L=1 Test failed
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Lecture

06 Example 3

Test Convergent and Divergent of the below series using Cauchy test
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Lecture

06 Example 3 Solution

co

2n 2n-1
z(zm ) "

n=1

By using Cauchy test

on  2n-1 (2\° 1
lim ( ) n =|-= =Z<1

n—oo 4n — 1

2n-1
a' Then).;— 1( ) n IS convergent
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Lecture

06 Extra Practice -- Example 4

Test Convergent and Divergent of the below series using Limit Comparison test

0.0)

Z n(n1+ 1)

n=1

<]
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Lecture

06 Example 4 Solution

co

Z n(nl-l— 3)

n=1

|
‘ Comparison ~

. , . ;
By using comparison test with )., —4 —

1 n? n?

lim

X — = =
a' nbon(m+3) 1 n?+3n
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Lecture

06 Example 4 Solution

The limit 1s not equal to zero and positive

(00] co

1 1
Z n(n +3) and z 2 are both convergent or divergent

n=1 n=1

. 1 .
Since Z%o=1 ﬁ LS convergent (see ExampleA )

Then )., -4

<]
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Lecture

06 Extra Practice -- Example 5

Test Convergent and Divergent of the below series using Limit Comparison test

i 1
—+/3n—1
n=1

<]
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Lecture

06 Example 5 Solution

= 1 1

Comparison = —

;m ‘ P n
1

By using comparison test with ), 4 7
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Lecture

06 Example 5 Solution

The limit 1s not equal to zero and positive

=~ 1 = 1
and z — are both convergent or divergent
Z Vv3n—1 n g g

. 1 .
Since oo= —— LS divergent (see Example B )
n=1 N

1

Then).; -4 NeT

<]
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Lecture

06 Extra Practice -- Example 6

Test Convergent and Divergent of the below series using Cauchy test
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Lecture

06 Example 6 Solution

\ P PN
nzl( R ity
By using Cauchy test

1 .
lim(1+E" =e >1

n—oo

Then Y (1+ %)”2 Is divergent
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Lecture

06 Taylor Series

Definitions of nth Taylor Polynomial
If f has n derivatives at ¢, then the polynomial

f"c)

(n)(
2! 1) _ oy

n!

(X i) oo i ot

P,(x) = f(c) + fc)x — ¢) +

is called the nth Taylor polynomial for f at c.
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Lecture

06 Example 1- Taylor Series

Let f(x) = x3 C=1

Find P,(x) asn = 2
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Lecture

06 Example 1 Solution

P, = £(0) + Fe)x = ) + LD (x — oy asn=2andC=1
P,(x)=1+3(x—1) +g(x2 —2x +1) frx) =3x> f'(c) =3(1)* =3

Py(x) =1+3x—3+3(x%—2x+1) f'(x) =6x  f"(c) =6(1)=6

P,(x)=1+3x—3+3x>—6x+3

a' P,(x) =3x*-3x+1
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Lecture

06 Example 2- Taylor Series

Let f(x) = 2x? C=1

Find P,(x) asn = 2
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Lecture

06 Example 2 Solution

P, = £(0) + Fe)x = ) + LD (x — oy asn=2andC=1
P(x) =2+4(x—1) +;(x2 —2x+1) fre) =4x  f'(c) =4*1=4

Py(x) =2 +4x—4+2(x* - 2x +1) f'Gy =4 f"(c) =4

P(x)=2+4x—4+2x*>—4x+2

PZ (.X') — sz

=B
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Lecture

06 Lecture Summary

1- Infinite Series

2- Convergent and Divergent Definition
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Lecture

06 Lecture Summary

3- Different Convergent tests

Limit Comparison Test Cauchy Test

<]
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Lecture

06 Lecture Summary

3- Different Convergent tests

Limit Comparison Test Cauchy Test

4- Taylor series
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Lecture

06 IMPORTANT ANNOUNCEMENT

Differential Revision iIs essential
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