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Topics

Chapter 1: Mathematical preliminaries
Chapter 2: The straight line and applications
Chapter 3: Functions and Graphs

Chapter 4: Limits and Continuity

Chapter 5: Financial Mathematics

Chapter 6: Differentiation

Chapter 7: Methods of Differentiation
Chapter 8: Function of several variables
Chapter 9: Integration and applications
Chapter 10: Linear algebra and applications



Objectives

1: The Concept of Limits
2: Computation of Limits
3: Methods of Limits

4: Continuity
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The Concept of Limits

* When the values successively attributed to a variable approach
indefinitely to a fixed value, in a manner so as to end by differing
from it as little as one wishes, this last is called the limit of all the
others.

lim f (x)=L

X —a
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The Concept of Limits

lim x ° +1=(2)2 +1=5

X 52

Positive value

. 3 3 3
[Im = = —
x>0 X +4 0+4 4
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The Concept of Limits

lim 2x +1=2(-4)+1=-7

X —>—4

X -3 3
lim =——
>3 x +10 3410 7
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The Concept of Limits

limx?—4=(2)" -4=0

X o2

3 1 (1) -1
jim =1 _ W 18 g
x-1 x +4 1+4 5




MIDOCEAN
The Concept of Limits

* Divided any number by infinity 0O , we will obtain Zero

* Divided any number by Zero 0, we will obtain infinity oo



The Concept of Limits

4 4 4
lim =~ ==
<3 X -3 3-3 0
oo x*-1 (4)-1 64-1 63 _
>4 X -4 4-4 0 0

o0
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Infinity
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The Concept of Limits

. 4 4 4
lim — —— =0
x>0 X +3 0043
x>0 2X +12 o0+12 o
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The Concept of Limits




MIDOCEAN
The Concept of Limits

e |f the first substitution give Undefined Value

2 9 , 00 — 00 1100 100

o 0

We Should solve the Limits



MIDOCEAN
The Concept of Limits

. 0
l[im = — £
0

To get the limit of function f (x) as approach to 2



The Concept of Limits

1.9 3.9 2.1 4.1
1.99 3.99 2.01 4.01
1.999 3.999 2.001 4.001

1.9999 3.9999 2.0001 4.0001
1.99999 3.99999 2.00001 4.00001

~4 =4
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The Concept of Limits

We can say that

2_
im X2 g
Xx—2 X _2
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The Concept of Limits

2 i
||m X _4 — ||m (X 2)(X +2) Factorization
Xx—2 X —2 X —>2 (X _2)

>I<—>2 (X/Q’) _!<—>2( 2)_4
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The Concept of Limits

2 .
||m X _9 — ||m (X 3)()( +3) Factorization
x—>3 X —3 X —3 (X _3)

!<—>3 (X//gj _!<—>3( 3)_6




Computation of Limits

Limit Laws Suppose that ¢ is a constant and the limits

lim f(x) and lim g(x)

X—a

exist. Then

1 1lim [f(x) + g(x)] = lim f(x) + lim g(x)
2. lim [f(x) = g(x)] = lim f(x) — lim g(x)
3. lim [¢f(x)] = ¢ lim f(x)

4. lim [ f(x)g(x)] = lim f(x) - lim g(x)

5. lim L% — i /) if lim g(x) # 0

X—a g(x) - 1]_)1‘1{]{ g(X) X—ua
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Computation of Limits
* These five laws can be stated verbally as follows:

. Sum Law 1. The limit of a sum is the sum of the
limits.
. Difference Law 2. The limit of a difference is the

difference of the limits.
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Computation of Limits

e Constant Multiple Law

* Product Law

* Quotient Law

3. The limit of a constant times a
function is the constant times the

limit of the function.

4. The limit of a product is the product
of the limits.

5. The limit of a quotient is the quotient
of the limits (provided that the limit of
the denominator is not 0).



Computation of Limits

Direct Substitution Property If f is a polynomial or a rational function and a is in
the domain of f, then

lim f(x) = f(a)

xX—a

In general, we have the following useful fact.

If f(x) = g(x) when x # a, then lim f(x) = lim g(x), provided the limits exist.

X—>d




MIDOCEAN
The Concept of Limits

lim (3x ° _Bx +4)

X 2

lim (3x* —5x +4)=3(2)’

X o2

-5(2)+4

12-10+4=06
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The Concept of Limits

_ (x3—5x +4)
lim ;
X —3 X —2
L (C-5+4) (3 5(3)s4
X —3 x2_2 (3)2_2
16

7
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The Concept of Limits

jim X =1_0
x-1 x -1 0
| (x —1)(x +1)

Ilm — Ilm Factorization
x>l ¥ —1 X —1 (X _1)

lim (T (x +) fim(x +1)
X —1 (X/ﬂf) X —1

2
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The Concept of Limits

lim 3/3x 2 — 2x

X o2

lim $3x2—2x =§/3(2)° -2(2)

X —>2




MIDOCEAN
The Concept of Limits

1—62)(
lim
X —0 ex

1-e* 1-e* 1-1

lim == £
x>0 @* e 1

=0




The Concept of Limits
_ (x * —BX + 4)
lim -
x-l X -2

o (250 (1 -5(1)+4

x>l BX 2 —2 64dW—
;612
:—:O
4
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The Concept of Limits

Given that function

f(x) (2X X <2
=

X7 X 22
= imf (x)

X -0



The Concept of Li

f(x)=+

mits

(2X X <2

X7 X 22

0<2 IXiLr(])f(x):IxiLT(}Zx
lim 2x =2(0)=0

X —0

MIDOCEAN



MIDOCEAN
The Concept of Limits

Given that function

f(x) (2X X <2
=

X7 X 22
= imf (x)

X —4



The Concept of Limits

4> 2

(2X X <2

f -
(x) ixz X > 2

limf (x )=limx?

X —4 X —4

lim x2=(4)" =16

X —4
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The Concept of Limits

Given that function

f(x) (2X X <2
=

X7 X 22
= imf (x)

X o2



X <2 -

The Concept of Limits

One-Sided Limits

lim f (x)

X —>2"

lim 2x

X —>2"

lim 2x =2(2)=4

X o2

lim f (x)

X —>2%

lim x 2

X —=27"

lim x 2 =24

X —=27"




The Concept of Limits

If we have

lim f (x)=lim f (x )=

X —>2~ X 2"

The limit is exist and we can say

limf (x)=L

X —2

L



The Concept of Limits
If we have

lim f (x )= lim f (x)

X —>2~ X 2"

The limit is not exist and we can say

limf (x) isnot exist

X —2



X <2 -

The Concept of Limits

One-Sided Limits

lim f (x)

X o2

lim 2x

X —>2"

lim 2x =2(2)=4

X =2

lim f (x)

X —2%

lim x°

X —=27"

lim x2=2

X —=27"



The Concept of Limits

we have

limf (x)=Ilim f (x)=4

X —>2~ X 2"

The limit is exist and we can say

limf (x)=4

X 2
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The Concept of Limits

Given that function
(, 2
X“+1 X <-1
f(x)=+
X+l x=-1

Find limf (x) limf(x) limf (x)

X —0 X—>—4 X—>-1



The Concept of Limits
[ 2
X°+1 X <-1
f(X):<
X+1 x=-1

0>-1 limf (x )=1lim 3x +1

X -0 X —0

lim3x +1=3(0)+1=1

X —0
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The Concept of Limits

f(x)—<rX2+1 X <—1
_\3x+1 X >-1

4<-1 lim f (x )= limx?+1

X —>—4 X —>—4

lim x? +1=(-4)" +1=17

X —>—4
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The Concept of Limits

Given that function
X+l x=-1

lim f (x)

X —>>-1



The Concept of Limits

One-Sided Limits

fim £ (x) ULy
X <—1 # |ir_TI_X2—I—1 X|LI'_q+ 33X +1 - Y >_1
i 2 : Al P
lim (1) +1=2 lim 3x +1=3(-1)+1=-2

lim f (x) isnot exist

X —>-1
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The Concept of Limits

Given that function

f(x) 2X +1 X <3
—
x?=2  x>3
Find iiggf (x) Ixiirgf (x) Iximf (x)



The Concept of Limits

f(x) 2X +1 X <3
= <
x°-2  x>3
0<3 limf (x)=Ilim 2x +1
X —0 X —0

lim 2x +1=2(0)+1=1

X -0
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The Concept of Limits

f(x) (2Xx +1 X <3
X )=+
x°-2  x>3

5> 3 limf (x)=limx?*-2

X —>b X —5

limx?-2=(5)"-2=23

X —5
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The Concept of Limits

Given that function

f(x) 2x+1  x <3
=<
x°-2  x>3
im f (x)

X >3
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The Concept of Limits

One-Sided Limits

fim £ (x) fig T)
X <3 #XILr?_ZxH XIi%rgxz—z e >3
. - 3 _ &
Xll_)r?_ 2X +1—2(3)+1—7 X||_)rg x2—2_(3) )y

limf (x)=7 is exist

X -3
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Continuity

e Continuous functions are predictable...

No breaks in the graph

A limit must exist at every x-value or the
graph will break.



Continuity

e Key

Point:

Continuous functions

can
sing

oe drawn with a
e, unbroken pencil

stroke.

Keé
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Continuity

 Mathematically speaking...

If 7(X) is continuous, then for every x = cin the
function,

* In other words, if you can evaluate any limit on the
function using only the substitution method, then the
function is continuous.
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Continuity
f (x)=x°—x f (X)=x*-2x +3

3+ o
2 \
1
ER: — 2f
Ak 1+
2| e R
3l L

» Both functions are continuous on ~ (—o0, 0)
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Continuity
X -1 //
f(x)=
(x) o

1T 2 3 4

=
'

ok

(g

.
b,
Lﬂarl_mix\-mmn
T 1T 1

continuous on:  (—o0, 1) U (1, o)

We can say that it continuous on R except {1}
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Given that

f(x)=x*-6x+2

Discuss the continuity of function

The function is polynomial function

Then the function is continuous on  (—0, )



Given that

X3 +4X +2
f(x)= X =5

Discuss the continuity of function

The function is Rational function

The function is continuous on R except {5}
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Continuity

Discuss the continuity of function at x =3

f(x) 2% +1 X <3
— <
X2 —2 X >3

.




Continuity

f (3) 277

limf (x) 222

X >3

X >3

lim f

X —=3"

(x) 7?22

lim f (x)??? is exist or not
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Continuity
2x +1  x <3
oy )=
(x) ix -2 x23
f(x)=x°-2
X =3
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Continuity
One-Sided Limits _
fim £ (x) fig )
: : 24
X <3 #XILT-ZXH XILTX 2- X >3
lim 2x +1=2(3)+1=7 lim x2—2:(3)2—2:7
X3 x >3

limf (x)=7 is exist

X >3



Continuity
2X +1 X <3

f —
() <x2—2 X >3

.

f (3)=limf (x)=7

X —=3

We can say that it continuous at x =3
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Continuity

Discuss the continuity of function at x = -1

f(x)_;x2+1 X <—1
_k3x+1 X =2-1




Continuity

f(=1) 277

lim f (x) 222

X—o>-1

lim f

X —>—1"

(x) 722

lim f (x)?’?? iS exist or not

X —>-1
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Continuity

f(x):;X2+1 X <—1
X+1 x=-1

f(x)=3x +1
f(-1) =3(~1)+1=-2

X =—
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Continuity
One-Sided Limits -
Jim £ (x) Jm 7 ()
X <—1 # Iirq_x2+1 X'Lr_f} 3X +1 - X >—1
lim (-1)° +1=2 1lim 3x +1=3(~1)+1=-2

lim f (x) is not exist

X —>-1



Continuity
f(-1)=-2

lim f (x) isnot exist

X—>-1

We can say that it discontinuous at x =-1
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Continuity

Discuss the continuity of function at x = 2

2X+1 X <2
f(x)=15 X =2
33X -1 X > 2

\




Continuity

f(2) 277

limf (x) 222

X o2

X o2

lim f

X —>27

(x) 722

lim f (x)??? is exist or not
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Continuity
22X +1 X <2

\3x -1 X > 2
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Continuity
One-Sided Limits
' lim f (X
XII_)rQ_f (X) X —>2° ( )
' lim 3x -1
X <2 - Xll_)l’?_ 2X +1 Lol - X > 2

lim 2x +1=2(2)+1=5 lim 3x —1=3(2)-1=5

X —>2~ X —>2F

limf (x)=5 is exist

X 2



Continuity
22X +1 X <2
f(x)=15 X =2
3x -1 X > 2

.

f(2)=limf (x)=5

X —2

We can say that it continuous at x =2
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Continuity

Discuss the continuity of function at x = 2

(2X +3 X <2
f(x)=48 X =2
ﬁx+1 X > 2




Continuity

f(2) 277

limf (x) 222

X o2

X o2

lim f

X —>27

(x) 722

lim f (x)??? is exist or not
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Continuity (
2X +3 X <2

k3x +1 X >2
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Continuity
One-Sided Limits
' Iim f (X
fim £ (x) fim £ 0x)
' Iim 3x +1
<2 mmp IR 2X S iR3Y em x>

lim 2x +3=2(2)+3=7 lim 3x +1=3(2)+1=7

X —2" X —>2"

limf (x)=7 is exist

X —>2



Continuity

2X+3 X <2

8 X =2

3x+1  x>2 f(2)=8
iigf (x)=7
f(2)=limf (x)

X o2

We can say that it discontinuous at x =2
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MIDOCEAN
Un Solved Examples

Find the value of _ (X —1)(X + 2)
lim
X —1 (X _1)
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Un Solved Examples

Find the value of .
lim (x3—2x +7)

X =1
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Un Solved Examples

Find the value of (X 3 _9x _4)
lim
X —2 X
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Un Solved Examples

2X
Find the value of lim 5—¢€
X =0 ex
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Un Solved Examples

Given that (X241 X <2
f(X):<
X+l X =2

Find the value of ~ lIMf (X)

X —0
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Un Solved Examples

Given that (X241 X <2
f(X):<
X+l X =2

Find the value of ~ lIMf (X)

X —8
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Un Solved Examples

Given that (X241 X <2
f(X):<
X+l X =2

Find the value of ~ lIM f (X)

X —=27"
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Un Solved Examples

Given that (X241 X <2
f(X):<
X+l X =2

Find the valueof M f ( )

X —>2
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Un Solved Examples

Given that (X241 X <2
f(X):<
X+l X =2

Find the value of ~ lIMf (X)

X o2
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Un Solved Examples

Given that (X241 X <2
f(X):<
X+l X =2

Find the value of f (2)
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Un Solved Examples

Given that (X241 X <2
f(X):<
X+l X =2

Find the value of f (1)
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Un Solved Examples

Given that f (X)=X3—2X L7

Discuss the continuity of function
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Un Solved Examples

Given that 3 _
¢ (x)=X 2X + [
X —3

Discuss the continuity of function
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Un Solved Examples

Given that (X | X <2
f(X):<
X+l X >2

Is the function continuous at X =2
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