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Optimization MIDOCEAN
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“Optimization” comes from the same root as “optimal”, which means

best.

When you optimize something, you are “making it best”.

an optimization problem is the problem of finding the best solution from

all feasible solutions.

https://web.stanford.edu/group/sisl/k12/optimization/MO-unit1-pdfs/1.1loptimization.pdf
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Optimization

« Mathematical Optimization iIs a branch of applied mathematics which is

useful in many different fields. Here are a few examples:
» Manufacturing * Engineering
Production « Mechanics
Inventory control e Economics
Transportation Control engineering
Scheduling Marketing
Networks Policy Modeling

Finance
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* Many important applied problems involve finding the best way to accomplish

some task.
« The minimum time to make a certain journey.
« The minimum cost for doing a task.

« The maximum power that can be generated by a device.

 Many of these problems can be solved by finding the appropriate function and
then using techniques of calculus to find the maximum or the minimum value

required.
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- Your basic optimization problem consists of

- The objective function(Fitness), f(x), which is the output you’re

trying to maximize or minimize.

Variables, x1 x2 x3 and so on, which are the inputs — things you can

control.

constraints

https://web.stanford.edu/group/sisl/k12/optimization/MO-unit1-pdfs/1.1optimization.pdf
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* Absolute extrema represents the highest and lowest points on a curve.

* the highest point (absolute maximum) and the lowest point (absolute minimum)

Absolute Minimum Absolute Maximum Absolute Minimum and Maximum
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First Derivative Test MIDOCEAI\I
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* The first derivative test helps In finding the turning points, where the

function output has a maximum value or a minimum value. For the first

derivative test.
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e A critical number of a function fis a number c in the domain such that f’
(c)=0
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 Find the following function’s global maximum and global minimum
values on the indicated interval.

f(z) = 3z* — 18z + 5,0, 7]

« First, we find all possible critical numbers by setting the derivative equal to zero.

f'(x) = 6z — 18
6r — 18 =0

€T =
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Finding Critical Numbers MIDOCEAI\I

EEEEEEEEEE 'S SMART UNIVERSITY

f(z) = 3z* — 18z + 5,0, 7]

Now we substitute the critical number and both endpoints into the function to
determine absolute extrema.

0 = —22
9=20
5 = 26
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This means the absolute minimum value Is -22 and 1S when X = 3
The absolute maximum value IS 26 when x = 7.

30+

Calcworkshop.com
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ocal and Global Maxima and Minima MIDOCEA[\I

global maximum

$/
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\““— local maxima

il \/\

g:,lﬂba,l minimum
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What is the Cost Function? MIDOCEAI\I

* The goal Is to find a set of weights and biases that minimizes the cost.
One common function that Is often used Is the mean squared error,
which measures the difference between the actual value of y and the

estimated value of y (the prediction).
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What is the Cost Function? MIDOCEAI\I
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Hypothesis:
ho(z) = 6y + 01z

Parameters:

8[:'1 91

Cost Function:

1 S ) i
T(00,61) = 5 3 (ho(a) — )2
i=1

minimizeJ(0g, 01)
60,01

independent variable
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Gradient descent (GD) MIDOCEAN
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« Gradient descent (GD) Is an optimization algorithm, used to find a local
minimum/maximum of a given function. This method is commonly used

In machine learning (ML) and deep learning (DL) to minimize a cost/loss

function (e.g. in a linear regression).

 used also in areas like:
 control engineering (robotics, chemical, etc.)
e computer games

« mechanical engineering
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Startin
J(G')A / Poi:ng Cost Function — “One Half Mean Squared Error”:

m
1 . .
J (6o, 6,) = ﬁZ(;le(x(z)) _y®Y?
1=

Iteration 3
Objective:

min /(6,, 6
Iteration 4 90,91]( 0 61)

Convergence Derivatives:

d 1 = . .
6_901(90, 8,) = E,-Z(he (x®) = y©)

2
0, 06,

m

1 . s

J (6o, 0,) = EZ(hg(x(‘)) —y®).x®
i=1

Final
Value

https://mwww.kdnuggets.com/2020/05/5-concepts-gradient-descent-cost-function.html
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A function has to be:

 Differentiable

« (Convex
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Differentiability MIDOCEAN

« Differentiability: The function must be differentiable with respect to its
parameters. This Is because gradient descent relies on computing the

gradient, which requires taking derivatives of the function.

https://towardsdatascience.com/gradient-descent-algorithm-a-deep-dive-cf04e8115f21
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* A maximum or minimum Iis said to be local If it is the largest or smallest

value of the function, respectively, within a given range.

« However, a maximum or minimum is said to be global if it is the largest
or smallest value of the function, respectively, on the entire domain of a

function.
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 The derivative of a function describes the function's instantaneous rate of

change at a certain point.

« Another common interpretation iIs that the derivative gives us the slope of
the line tangent to the function's graph at that point. Learn how we define

the derivative using limits.
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e A derivative of a function at any point tells us how much a minute
increment to the argument of the function will increment the value of the
function

* Foranyy = f(x) expressed as a multiplier a to a tiny increment A x to obtain the
increments A y to the output

e Ay=alAx
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The derivative of a function measures the rate at which the function changes
with respect to its independent variable. It represents the slope of the tangent
line to the graph of the function at a particular point. The derivative Is

usually denoted using the prime notation (f”) or by using the operator
notation (d/dx).
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E' \h""'h-___
/.
1 0
https://en.m.wikipedia.org/wiki/File:Derivative_GIF.qgif
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Examples of non differentiable Functions MIDOCEA[\I
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Jump Discontinuity Inifinite Discontinuity

| fx) =%

|x]

https://towardsdatascience.com/gradient-descent-algorithm-a-deep-dive-cf04e8115f21
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Examples of non differentiable Functions MIDOCEA[\I
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| fix) = 3sin(x)

dfix) _
—— = 3cos(x)

https://towardsdatascience.com/gradient-descent-algorithm-a-deep-dive-cf04e8115f21

WWW.midocean.ae
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Gradient:

The gradient, also known as the "vector derivative," Is a generalization of the
derivative for functions of multiple variables..

For a function f (x4, x5, ..., xn), the gradient is denoted as Vf or grad(f). The

gradient is a vector that consists of partial derivatives of the function with
respect to each variable. Each component of the gradient vector indicates the
rate of change of the function concerning a specific variable.
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Derivative vs Gradient

MIDOCEAN

In summary, the derivative measures the rate of change of a function with
respect to a single variable, while the gradient measures the direction and
magnitude of the steepest ascent of a function with respect to multiple

variables. The derivative is a scalar, while the gradient Is a vector.
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* For a univariate function, this means that the line segment connecting
two function’s points lays on or above its curve (it does not cross it). If it
does it means that it has a local minimum which is not a global one.

Convex Non-convex

15 1.0 05 0.0 05 10 15

https://towardsdatascience.com/gradient-descent-algorithm-a-deep-dive-cf04e8115f21
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. choose a starting point (initialization)

. calculate gradient at this point
make a scaled step in the opposite direction to the gradient (objective:
minimize)
repeat points 2 and 3 until one of the criteria is met:

maximum number of 1terations reached

. step size is smaller than the tolerance (due to scaling or a small gradient).
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Gradient Descent

J(65,0,) o-

-1 =4

we are here with random value 0,,0,

WWW.midocean.ae
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«Start with some 0,,0,
» Keep changing g g, to reduce j(g,.0,)

until we hopefully end up at a
minimum
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Gradientdescent Graph GIF - Gradientdescent Graph Lines - Discover & Share GIFs
(tenor.com)
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https://tenor.com/view/gradientdescent-graph-lines-wave-gif-17776126
https://tenor.com/view/gradientdescent-graph-lines-wave-gif-17776126
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MSE vs parameter a

M5E = 328131264.8
y = 198.5%x + -197.8

0.0

T T T T T
-200 -150 -100 =50 100 150 200

e Monpezat (baptiste

WWW.midocean.ae



https://baptiste-monpezat.github.io/blog/stochastic-gradient-descent-for-machine-learning-clearly-explained
https://baptiste-monpezat.github.io/blog/stochastic-gradient-descent-for-machine-learning-clearly-explained

Gradient Descent MIDOCEA
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m

Error = 370.77

=15 ! !
5 =2.0 =1.5 =1.0 =0.5

m

20 15 10

Gradient Descent in 4 minutes:. Hey there ! Confused about gradient... | by
Shobhit Srivastava | AITS Journal | Medium
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https://medium.com/ai-techsystems/gradient-descent-in-less-than-500-words-5f81d0e63b6a
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290,
]

-200 -150 -100 =50

Stochastic Gradient Descent for machine learning clearly explained | Baptiste Monpezat (baptiste-
monpezat.qgithub.io)
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https://baptiste-monpezat.github.io/blog/stochastic-gradient-descent-for-machine-learning-clearly-explained
https://baptiste-monpezat.github.io/blog/stochastic-gradient-descent-for-machine-learning-clearly-explained
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* Gradient descent leading into a local minimum

1.0

0.8

0.6

0.4

0.2

0.0

-0.2

-0.4
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Fogefk(x) X g-hek(x) X h%k(x) X k'(x)

Maths First, Institute of Fundamental Sciences, Massey University
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http://mathsfirst.massey.ac.nz/Calculus/ChainRule/concise.html
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The Chain Rule
For F(x)="f(g(x))

Fix) = Fglx)) . gx)

_
~

Derivative of outer function Derivative of inner function
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https://mathsathome.com/chain-rule-differentiation/
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& Differentiate f(x) = (4x - 3)° dy

Lifterentiate
auter function
—
- Keep the inside
dx the same

f(x) = (4x - 3)°

he Chain Rule Made Easy: Examples and Solutions — mathsathome.com
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https://mathsathome.com/chain-rule-differentiation/
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. choose a starting point (initialization)

. calculate gradient at this point
make a scaled step in the opposite direction to the gradient (objective:
minimize)
repeat points 2 and 3 until one of the criteria is met:

maximum number of 1terations reached

. step size is smaller than the tolerance (due to scaling or a small gradient).
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* For asingle training example, this gives the update rule

0; =0, + (-y“} — h-g(i‘{i))) 2,

J

Repeat until convergence {

(y(i) B hg(;,_,;(i))) ;-,;.5."), (for every j)
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Learning rate MIDOCEAI\I

* The learning rate Is a hyperparameter in the gradient descent algorithm
that controls the step size at each iteration. It determines how much the

parameters are updated based on the computed gradients. The learning

rate can significantly impact the convergence and performance of the

gradient descent algorithm Big eakning rate Small learning rate

WWW.midocean.ae



_earning rate

Convergence

Descending with step coefficient 0.005 {iteration 50)

Start (2.5.3.7)

Divergence

Descending with step coefficient 0.05 (iteration 50)

MIDOCEAN
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End (4.9.-23.7),

Start (2.53.7)

End (5.4,-22.1)

https://n
bb45eb!

5 b

WWW.midocean.ae
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Choosing an appropriate learning rate is crucial.

If the learning rate is too high, the algorithm may fail to converge or become
unstable.

If it Is too low, the convergence may be slow.

It is often necessary to experiment with different learning rates or use

techniques like learning rate schedules or adaptive learning rate methods (e.g.,

Adam, RMSprop) to find an optimal or adaptive learning rate that balances

convergence speed and stability.
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1. Batch Gradient Descent

2. Stochastic Gradient Descent

3. Minibatch Gradient Descent

Gradient Descent Algorithm: A Quick, Simple Introduction | Built In
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https://builtin.com/data-science/gradient-descent

MIDOCEAN

Batch Gradient Descent

« Batch gradient descent, also called vanilla gradient descent, calculates the
error for each example within the training dataset, but only after all

training examples have been evaluated does the model get updated. This

whole process is like a cycle and it’s called a training epoch.

Gradient Descent Algorithm: A Quick, Simple Introduction | Built In

WWW.midocean.ae


https://builtin.com/data-science/gradient-descent

Batch Gradient Descent MIDOCEAI\I

« Advantages:

e Guaranteed convergence to the global minimum for convex problems.

« Stable convergence, as the direction of the gradient is determined by the entire

dataset.

« Disadvantages:

« Computationally expensive for large datasets, as it requires the entire dataset to

compute each gradient update.

« Prone to getting stuck in local optima for non-convex problems.

WWW.midocean.ae
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« Stochastic gradient descent (SGD) updates the parameters using the

gradient computed from a single randomly selected data point at each

Iiteration.

Gradient Descent Algorithm: A Quick, Simple Introduction | Built In

WWW.midocean.ae


https://builtin.com/data-science/gradient-descent

Stochastic Gradient Descent MIDOCEAI\I

« Advantages:

« Computationally efficient, as it uses only one data point to compute each gradient

update.

 Suitable for large datasets, as it avoids the need to store the entire dataset in

memory.

 Can escape local optima and explore the parameter space more freely.

» Disadvantages:

« Convergence can be noisy and may not reach the global minimum.

Gradient Descent Algorithm: A Quick, Simple Introduction | Built In

WWW.midocean.ae
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* Mini-batch gradient descent Is a variation of gradient descent that

randomly selects a subset (mini-batch) of the training dataset to compute
the gradient at each iteration. It updates the parameters based on the
average gradient computed from the mini-batch. This approach Is a
balance between the computational efficiency of stochastic gradient

descent and the stability of batch gradient descent.
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https://builtin.com/data-science/gradient-descent

Mini batch Gradient Descent MIDOCEAI\I
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* Advantages:
* Faster convergence compared to batch gradient descent, as it uses a subset of the data.
* Less memory-intensive :it only requires storing gradients for a mini-batch.
* Suitable for parallel computing, as multiple mini-batches can be processed simultaneously.

* Disadvantages:

* May not guarantee convergence to the global minimum, for non-convex problems.

 The learning rate needs to be carefully chosen to balance convergence speed and
stability.
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Types of Gradient Descent MIDOCEAI\I
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Batch Gradient Descent Mini-Batch Gradient Descent

Stochastic Gradient Descent
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* Why do we need a gradient descent anyway, if we can just take
derivative of function and make it equal to 0, thus finding minimum??
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https://towardsdatascience.com/implement-gradient-descent-in-python-9b93ed7108d1
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 [nitialization
* Xo9 =3
e a=0.01
o Z=(x+5)2= 2+ (x + 5)*1
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o Stepl
* X1 =Xxg—ax*x2x*x(x+5)

e x;=3—-001%2%(2+5)=2.84
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e Stepl
e Xy =xg—a*2x(x+5)

e x,=3-0.01x2+(3+5)=2.84

¢ Step 2

e Xo=x1—ax*x2x(x+05)

e x; =2.84—-0.01%2=%(2.84+5)=2.6832
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Numerical Example

a=1
e Stepl

e Xy =xg—a*2x(x+5)

e x;=3—-1%2%(34+5)=-13

¢ Step 2

e Xo=x1—ax*x2x(x+05)

e xy=—-13—-1%2%(—13+5)=3

WWW.midocean.ae



When GD Stop? MIDOCEAN

« Convergence of the objective function: Gradient descent can be stopped
when the value of the objective function reaches a certain threshold or
when it no longer significantly decreases. This indicates that the algorithm

has found a satisfactory solution.

Maximum number of iterations: Gradient descent can be terminated after

a certain number of iterations have been performed.
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LECTURE SUMMARY

® Optimization
® Derivative
® Gradient Descent
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