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Definition: The Cartesian Product of two sets 4 and B, denoted by

A X B 1s the set of ordered pairs (a,b) where a€A4 andb €B.
Ax B={(a,b)lac Arbc B}

Example:
A=4abt B=1123}
A X B - {(0,1),(6],2),(0,3), (b9l)’(b?2))(b)3)}

\
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Definition: The Cartesian Product of two sets 4 and B, denoted by

A X B 1s the set of ordered pairs (a,b) where a€A4 andb €B.
Ax B={(a,b)lac Arbc B}

Example:

A=4aby B=1{1,2.3}

A X B = {(a,l),(a,2),(a,3), (b,1),(,2),(b,3)}
Bx A= {(1,a),(2,a),(3,2), (1,b),(2,b),(3,b)}

\
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Suppose that A = {1, 2}
A XA
Solution

1,25 x 41,25

(L), (1,2), 2,1), (2,2)}

®
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» Relationships between elements of sets occur in many contexts. Every day

we deal with relationships such :
* a business and its telephone number,
* an employee and his or her salary,

* aperson and a relative.
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Definition: A binary relation R from a set A to a set B is a subset R € 4 X B.

Example:

Let4 ={0,1,2} and B = {a,b}
{0, a), (0, b), (1,a), (2, b)} 1s a relation from A4 to B.
We can represent relations from a set 4 to a set B graphically or using a table:

Oe
® q
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Definition: A binary relation R on a set A 1s a subset of 4 X A4 or a relation from A4 to A.

Example:
* Suppose that A4 = {a,b,c}. Then R = {(a,a),(a,b), (a,c)} 1s a relation on 4.
« Let A =1{I1,2,3,4}. The ordered pairs in the relation
R = {(a,b) | a divides b} are
(1,1), (1, 2), (1,3), (1,4), (2, 2),(2,4), (3, 3), and (4, 4).
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Consider these relations on the set of integers:
R, = {(a,b) | a < b}, R,= {(a,b) | a= b},
= {(a,b) | a > b}, Rs={(a,b)|a=b+1},
R;={(a,b)|a=b ora=—b}, R¢={(a,b) | a+ b<3}.
Note that these relations are on an infinite set and each of these relations is
an infinite set.
/
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Consider these relations on the set of integers:

R1: {(aab) | a< b}a
RZ: {(aab) | a-> b}a

R4: {(G,b)
RS: {(aab)
R6: {(aab)

a=bj,
a=b+1},
g+ < 3.

Which of these relations contain each of the pairs

* (LD
* (1,2)
* (2, 1)
* =1
* (2,2)

\




#

Quiz MIDOCEAN |
\
Consider these relations on the set of integers:
R, = {(a,b) | a < b}, R,= {(a,b) | a= b},
R,= {(a.b) | a> b}. R= {(ab) |a=b+ 1},
R¢={(a,b) |a+ b<3}.
Which of these relations contain each of the pairs
* (1,1)inR,, Ryand Ry
* (2,1)is Ry, Rs, and Ry
/
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Consider these relations on the set of integers:
R1: {(aab)|a—<-b}a R4: {(aab) a=b},
R,={(a,b) | a> b}, Rs={(a,b) |a=b+1},
R,={(a,b)|a+b<3).

Which of these relations contain each of the pairs
* (LL1)inR,, Ryand Ry

* (1,2)inR, and R¢:

* (2, 1)is Ry, Ry, and R,

* (1,-1)mnR,, and R,

* (2,2) mR,and R,
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Definition: R is reflexive iff (a,a) € R for every element a € A. Written

symbolically, R 1s reflexive if and only if

Vx[xeU — (x,x) € R]

If 4 =@ then the empty relation is reflexive vacuously.
That 1s the empty relation on an empty set is reflexive!
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The following relations are reflexive?

1. Set A={a,b,c}, Rl ={(aaa)9 (bab)a (c9c)9(aac)9(b9c)}
2. Set B={19293}9 Rz ={(191)9 (192)9 (zaz)a(393)9(2a1)}
3. Set C={1929394}9R3={(191)9 (192)9 (292)9(393)9(391)}

* Solution 1,2
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The following relations on the integers are reflexive?

If 4 =@ then the empty relation is reflexive vacuously.
That 1s the empty relation on an empty set is reflexive!
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The following relations on the integers are reflexive?

R,= {(a.b)
= (a.b)
R;= {(a,b)
R,= {(a,b)
= (a.b)
Rs= {(a.b)

a<by,

a>b}

a=b ora=—b},
a=>b}.
a=b+1}

a+b<3}.

\
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The following relations on the integers are reflexive?

R, = {(a,b)
= {(a,b)
= {(a,b)
= {(a,b)
= {(a,b)
= {(a,b)

a < b}, - True

a> b} (note that 3 # 3), 2 False

a=>b ora=—b}, 2 True

a=>b}. 2 True

a=>b+ 1} (note that 3 #3 + 1), = False

a+b<3} (notethat4 +4 <« 3).False

!
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Definition: R 1s symmetric iff (b,a) € R whenever (a,b) € R for all a,b € A.

Written symbolically, R 1s symmetric if and only 1f

VxVy [(x,y) ER — (y,x) € R]

!
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The following relations are Symmetric?

1. Set A={a,b,c}, Rl ={(aaa)9 (bab)a (c,c),(a,c),(b,c)}
2. Set B={1,2,3}, R,={(1,1), (1,2), (2,2),(3,3),(2,1)}
3. Set C={1929394}9R3={(191)9 (192)9 (292)9(393)9(391)}

* Solution 2
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Example: The following relations on the integers are symmetric?

R,={(a,b)|a<b}

R,= {(a,b) | a> b}

R4: {(aab)
RSZ {(aab)
Rs= {(a,b)

a = bj,

ga=08+%+1

a+b<3}.

N
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The following relations on the integers are symmetric?
R,= {(a,b) | a < b} (note that 3 <4, but 4 « 3),=» False

= {(a,b) | a> b} (note that 4 > 3, but 3 * 4), =» False

= {(a,b) |a=b}, =» True

={(a,b)|a=b+ 1} (notethat4 =3 + 1, but 3 #4 + 1). =» False

={(a,b)|lat+b<3}. = True
7
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The following relations are antisymmetric?

1. Set A={a,b,c}, Rl ={(aaa)9 (bab)a (c,c),(a,c),(b,c)}
2. Set B={1,2,3}, R,={(1,1), (1,2), (2,2),(3,3),(2,1)}
3. Set C={1929394}9R3={(191)9 (192)9 (292)9(393)9(391)}

* Solution 1,3
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Definition:such that for all a, b€ A4 if (a,b) € R and (b,a) € R, thena = b
is called antisymmetric. Written symbolically, R 1s antisymmetric if and
only if

VxVy [(x,y) ERA (y.x) E R — x =]

N
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Example: The following relations on the integers are antisymmetric?

R,={(a,b) | a < B},
R,={(a,b) | a > b},

R4 - {(G,b)
RS = {(a,b)
R6 » {(Cl,b)

a= b},
g=b+1}
at+h<3}

N
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Example: The following relations on the integers are antisymmetric?
R,={(a,b) | a < b}, True
R,={(a,b) | a > b}, @ True

R4 - {(G,b)
RS = {(a,b)
R6 » {(a,b)

a = b}, ?True
a= b+ 1}. ?True
a+b < 3} =>False
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Definition: A relation R on a set A4 1s called transitive if whenever (a,b) € R
and (b,c) € R, then (a,c) € R, for all a,b,c € A. Written symbolically, R 1s
transitive if and only if

VxVy Vz[(x,y) ERA (y,z2) ER — (x,2) ER |

\




Quiz MIDOCEAN
(- )
* The following relations on the integers are transitive?
R,={(a,b) | a < b},
={(a,b) | a> b},
R,= {(a,b)|a=1b}.
= f(a,b) |a=b+1}
={(a,b)[a+b<3}
g .
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* The following relations on the integers are transitive?
R,={(a,b) | a< b}, =» True
R,= {(a,b) | a > b}, =» True
R;={(a,b)|a=b ora=—b}, =» True
Rs= {(a,b)| a= b+ 1} =» False(note that both (3,2) and (4,3) belong to R, but not
(3,3)),
R¢= {(a,b) | a + b <3} =» False (note that both (2,1) and (1,2) belong to R, but not
(2,2)).
/

\_




Combining Relations

|
MIDOCEA

-

Given two relations R, and R,, we can combine them using basic set
operations to form new relations suchas R UR,, Ry N R,, Ry — R,, and
R, — R;.

Example: Let A={1,2,3}and B ={1,2,3,4}.

* Therelations R, ={(1,1),(2,2),(3,3)} and

* R;=1{(1,1),(1,2),(1,3),(1,4)}

* can be combined using basic set operations to form new relations:

R; U R,={(1,1),(1,2),(1,3),(1,4),(2,2),(3,3)}
R; N R, ={(1,1)}

R, — R;={(2,2),(3,3)}

R, — R;={(1,2),(1,3),(1,4)}

\
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* The relation R is represented by the matrix

* Mg=[my], where

| lif(a4,b;) € R,
Mij = 0 if (ai,bj) Q R.




Examples of Representing Relations Using Matrices
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Example 1: Suppose that 4 = {1,2,3} and B = {1,2}. Let R be the relation
from A to B containing (a,b) ifa € A, b € B, and a > b. What is the

matrix representing R (assuming the ordering of elements is the same as

the increasing numerical order)?

Solution: Because R = {(2,1), (3,1),(3,2)}, the matrix is

Mp =

O

= Q@

\
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Example 2: Let A = {a,,a,, ay} and B = {b,b,, b3,b,, bs}. Which ordered
pairs are in the relation R represented by the matrix

01 0 0 0

Mp =

Solution: Because R consists of those ordered pairs (a;,b;) with m; = 1, it

follows that:

1
| 4

0
0

1
1

1
0

0 |
1-

)

= {(ala b2)a (029 bl)a(ab b3)a (612, b4)a(a3a bl)a {(613, b3)9 (613, bS)}

\
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« If R is areflexive relation, all the elements on the main diagonal of M} are

equal to 1. y

—

* R s a symmetric relation, if and only if m; = 1 whenever m;; = 1. R is an
antisymmetric relation, if and only if m; =0 or m; =0 when #}.

(a) Symmetric (b) Antisymmetric

\
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Suppose that the relation R on a set 1s represented by the matrix

1

1 0
Mp = 1 1.
1 1

1
. . . . O
Is R reflexive, symmetric, and/or antisymmetric?
Solution:
* Because all the diagonal elements are equal to 1, R 1s reflexive.

* Because Mj 1s symmetric.

* R 1s symmetric and not antisymmetric because both m, , and m, | are 1.

\
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A drawing of the directed graph with vertices a, b, ¢, and d, and cdges
(a, b), (a, d), (b, b), (b, d), (c, a), (c, b), and (d, b) 1s shown here.




Examples of Digraphs Representing Relations
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What are the ordered pairs in the relation
represented by this directed graph?

Solution: The ordered pairs in the relation are
(1,3),(1,4), 2, 1), 2, 2), (2, 3), (3, 1), 3, 3),

(4, 1), and (4, 3)
1 2

\
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Reflexivity: A loop must be present at all vertices in the graph.
Symmetry: If (x,y) is an edge, then so 1s (y,x).
Antisymmetry: If (x,y) with x # y 1s an edge, then (y,x) is not an edge.

Transitivity: If (x,y) and (y,z) are edges, then so 1s (x,z).

\
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Determining which Properties a Relation has from its Digraph

(o

, @

d@®

Reflexive? No, not every vertex has a loop
Symmetric? Yes (trivially), there 1s no edge from one vertex to another
Antisymmetric? Yes (trivially), there is no edge from one vertex to another
Transitive? Yes, (trivially) since there 1s no edge from one vertex to another

!
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* Determining which Properties a Relation has from its

O > @
bA

c @ d @
* Reflexive? No, there are no loops
*  Symmetric? No, there is an edge from a to b, but not from b to a
*  Antisymmetric? No, there is an edge from d to b and b to d
* Transitive? No, there are edges from a to b and from b to d, but there is no edge from a to d

\_ J
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Definition 1: A relation on a set 4 1s called an equivalence relation if 1t is
» reflexive,
» symmetric,

» transitive.

~N
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Show that the “divides” relation on the set of positive integers is not an

equivalence relation.

Solution
* Reflexivity: a | a for all a.
* Not Symmetric: For example, 2 | 4, but 4 } 2. Hence, the relation is not symmetric.

* Transitivity: the relation is transitive.

N
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Definition : A relation R on a set S is called a partial ordering, or partial

order
> Reflexive
» antisymmetric

> transitive.

!
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“greater than or equal” relation (>) 1s a partial ordering on the
set of integers”

« Reflexivity: a > a for every integer a.

« Antisymmetry: lf a>b and b > a , then a = b.

« Transitivity: Ifa>band b > c , thena > c.

N
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The divisibility relation (/) 1s a partial ordering on the set of integers.
Solution
* Reflexivity: a | a for all integers a.
* Antisymmetry: If a and b are positive integers with a | b and b | a, then a = b.
» Transitivity: Suppose that a divides b and b divides ¢ = so a divides c. Therefore,
the relation is transitive.
\_ J
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A function is a relation where exactly one element of B is related to each

element of A.

Example R={(2, 1),(3,6),(2,3),(5, 8)}is a function?

Solution False

Relations

\




Quiz

MIDOCEA

UNITYERBIETY

-

R from A to B € Cartesian Product
a) AxA
b) AxB
¢) BxA
d) BxB

Solution b

\
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R from B to A € Cartesian Product
a) AxA
b) AxB
¢) BxA

d) BxB

Solution C

\
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R onasetA C Cartesian Product
a) AxA
b) AxB
c) BxA
d) BxB

Solution a

\
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List the ordered pairs in the relation R from

=1{0,1,2,3,4} toB={0, 1, 2, 3}, where (a, b) ER
if and only if

» a)a=b.
» b)a+b=4.

» c)a>b.
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List the ordered pairs in the relation R from

Quiz MIDOCEA|
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A=1{0,1,2,3,4} toB= {0, 1,2, 3}, where (a,b) ER
if and only if

» a)a=b.

> b)a+b=4.

» c)a>b.

a) {(0,0),(1,1),(2,2),(3,3)}

b) {(1,3),(2, 2),(3,1), (4,0)}
c) {(1,0),(2,0),(2,1),(3,0),(3,1),(3,2),(4,0),(4,1), (4, 2), (4, 3)}
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* Find The property of Relation

a) (a,a) ER, foreverya € A

b) (a,b) €R, for every a € A |a=b.

c) (a,b) €ERand (b, c) €ER, then(a,c) ER

d) (a,b) € R, then (b,a) € R

e) abeAd if(a,b) € Rand (b,a) € R,thena =25




Quiz

MIDOCEA

UNITYERBIETY

-

a)
b)
c)
d)
e)

a)
b)
c)
d)
e)

* Find The property of Relation

(a,a) eR, foreverya € A

(a, b) € R, for every a,b € A |a=b.

(a,b) e Rand (b, c) € R, then (a,c) ER

(a, b) € R, then (b, a) € R

abeAd if (a,b) € R and (b,a) € R,thena =b

Solution

Reflexive
Reflexive
Transitive
Symmetric

AntiSymmstric

\




Quiz

MIDOCEA|

lJNVTQ‘%IT/l

[

For each of these relations on the set {1, 2, 3, 4}, decide whether 1t 1s reflexive, whether 1t

is symmetric, whether it is antisymmetric, and whether it is transitive.
a) {(2.2).(2,3).(2.4.(.2).(3,3).3,4)}

b) {(1,1).(1,2).(2,1).(2,2).3.3). (4, %)}

C) {(2.4).(4.2)}

d) {(1,2).(2.3).3.4)

) {(1,1).(2,2),(3,3).(4,4)}

f) {(1.3).(1.4).(2.3).(2.4). 3. 1). 3. 4)}

!
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For each of these relations on the set {1, 2, 3, 4}, decide whether 1t 1s reflexive, whether 1t

is symmetric, whether it is antisymmetric, and whether it is transitive.
a) {(2.2).(2,3).(2.4.(.2).(3,3).3,4)}

b) {(1,1).(1,2).(2,1).(2,2).3.3). (4, %)}

C) {(2.4).(4.2)}

d) {(1,2).(2.3).3.4)

) {(1,1).(2,2),(3,3).(4,4)}

f) {(1.3).(1.4).(2.3).(2.4). 3. 1). 3. 4)}

!
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For each of these relations on the set {1, 2, 3, 4}, decide whether 1t 1s reflexive, whether 1t

is symmetric, whether it is antisymmetric, and whether it is transitive.
a) {(2.2).(2,3).(2.4.(.2).(3,3).3,4)}

b) {(1,1).(1,2).(2,1).(2,2).3.3). (4, %)}

C) {(2.4).(4.2)}

d) {(1,2).(2.3).3.4)

) {(1,1).(2,2),(3,3).(4,4)}

f) {(1.3).(1.4).(2.3).(2.4). 3. 1). 3. 4)}

!
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For each of these relations on the set {1, 2, 3, 4}, decide whether 1t 1s reflexive, whether 1t

is symmetric, whether it is antisymmetric, and whether it is transitive.
a) {(2.2).(2,3).(2.4.(.2).(3,3).3,4)}

b) {(1,1).(1,2).(2,1).(2,2).3.3). (4, %)}

C) {(2.4).(4.2)}

d) {(1,2).(2.3).3.4)

) {(1,1).(2,2),(3,3).(4,4)}

f) {(1.3).(1.4).(2.3).(2.4). 3. 1). 3. 4)}

!
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For each of these relations on the set {1, 2, 3, 4}, decide whether it 1s reflexive, whether it is

symmetric, whether it is antisymmetric, and whether it is transitive.
a) Transitive
b) Reflexive, symmetric, transitive
¢) Symmetric
d) Antisymmetric
e) Reflexive, symmetric, antisymmetric, transitive

f) None of these properties
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* Suppose that A= {1,2,3} and B= {1, 2}. Let R be the relation from A to
B containing (a, b) if a € A, b € B, and a > b. What is the matrix
representing R?

!




Quiz MiDOCEA
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* Suppose that A= {1,2,3} and B= {1, 2}. Let R be the relation from A to

B containing (a, b) ifa € A, b € B, and a > b. What is the matrix

representing R?

e Solution
R={(2, 1), (3, 1), (3, 2)}, the matrix for R is
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« Let A={al, a2, a3} and B = {bl, b2, b3, b4, b5}. Which ordered pairs are in
the relation R represented by the matrix.Are the following pain in the relation

a) (al,b2)

b) (a2, bl) 0
c) (a3,b3) MR =11
d) (al,bl) 1

Solution

a) True
b) True
¢) True
d) False

!
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List the ordered pairs in R?
{1, 1),,3),2,1),2,3),(2,4),3, 1), 3, 2), (4, 1)}
7




Quiz MIDQCEAIl

lJNV\QQIT‘fll

4 D

Are the Following the ordered pairs in R?

a) {1,1)
b) (1, 3)
c) (2,1)
d) (4, 3)
e) (4,4)
f) (4,2)

Solution a,b,c

\_ J
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 Reflexive?

* Symmetric?
* antisymmetric?

 Transitive?
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Reflexive?

Symmetric? 2
antisymmetric?

Transitive?

b c

Because there are loops at every vertex of the directed graph of S1, it is
reflexive. The relation S1 is neither symmetric nor antisymmetric because
there is an edge from a to b but not one from b to a, but there are edges in
both directions connecting b and c. Finally, S1 is not transitive because there is
an edge from a to b and an edge from b to ¢, but no edge from a to c.

"
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 Reflexive?

* Symmetric?
* antisymmetric?

 Transitive?
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Reflexive?
Symmetric?
antisymmetric?
Transitive?

Because loops are not present at all the vertices of the directed graph of S2,
this relation 1s not reflexive. It 1s symmetric and not antisymmetric, because
every edge between distinct vertices 1s accompanied by an edge in the
opposite direction. It is also not hard to see from the directed graph that S2 is
not transitive, because (c, a) and (a, b) belong to S2, but (c, b) does not
belong to S2
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True or False

1) A relation R is reflexive if the matrix diagonal elements are all 0
2) The binary relation R equal on the set of all integers is Symmetric

3) The binary relation R equal on the set of all integersis Reflexive

4) The binary relation R not equal on the set of all integers is Symmetric

5) The binary relation R not equal on the set of all integers is  Reflexive

N
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True or False

1) A relation R is reflexive if the matrix diagonal elements are all 0
2) The binary relation R equal on the set of all integers is Symmetric

3) The binary relation R equal on the set of all integersis Reflexive

4) The binary relation R not equal on the set of all integers is Symmetric

5) The binary relation R not equal on the set of all integers is  Reflexive

Solution False,True,True,True,False
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True or false

1. A relation on a set 4 is called an equivalence relation if 1t 1s Reflexive,
symmetric, antisymmetric

2. A relation R on a set S 1s called a partial ordering, or partial order if it is

Reflexive, antisymmetric, transitive.
Solution
False

True

\
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Relations
* Reflexive
* Symmetric
* Antisymmetric
* Transitive

Representation of Relations
Equivalence
Partial ordering

Function
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