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Lecture
\
Operations with Matrices
Properties of Matrix Operations
The Inverse of a Matrix
J
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Operations with Matrices ! N'F\? > SET )
Lecture
= Matrix: A
d; A Q3 A,
a21 a22 a23 a'2n
A= [aij] =| @33 Qg 83 - Qg eM,.,
_aml am2 a‘m3 T amn Jdmxn
(1, ))-thentry: &
Fow: m
column: n
size: mxn
\_ Y,
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Operations with Matrices IQ

Lecture

O 7 = I-th row vector o

ri=[ai1 A, o ain] row matrix

= J-th column vector

Cij

Cyj column matrix

Conj

- SqQuare matrix: m=n
\- y,
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Operations with Matrices IQ

Lecture

O 7 = I-th row vector o

ri=[ai1 A, o ain] row matrix

= J-th column vector

Cij

Cyj column matrix

Conj
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Operations with Matrices IQ

E
Lecture U N | ERSIT

- p
07 1 2 3 I

A: = 1
N

= =1 2 3], r,=[4 5 6]

/
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Operations with Matrices IQ

Lecture

- Equal matrix:

If A=[a;]

mxn 1 B = [bu ]mxn

Then A=B if andonlyif a;=b;, V1<i<m, 1<j<n

- Ex 1. (Equal matrix)
1 2 a b
A: B =
By Pl

If A=B

Then a=1 b=2, c=3 d=4
\- y,
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SECHIE Operations with Matrices UMNIIQ(E)RCEI.ETAY |
= Matrix addition: A
I A=[a--]mxn, B :[bij]mxn
Then A+ B = [a”]mxn+[bij]mxn :[aij+bij]mxn
« EX 2: (Matrix addition)
—12+13_—1+12+3_05
0 1| |-1 2| | 0-1 1+2| |-1 3
C 1] =11 [ 1-1 ] [O]
\ -2| | 2] |-2+2] |0 Y.
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Lecture

Operations with Matrices

= Scalar multiplication:
1T A=[a;]
Then cA=[ca; ],

mxn !

c :scalar

= Matrix subtraction:
A-B=A+(-1)B

« Ex 3: (Scalar multiplication and matrix subtraction)
1 2

A=

-3 0
2 1

47
-1

2

B =

2

1
-1

Find (a) 3A, (b)-B, (c) 3A—B

0 0
—4 3

3 2
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Operations with Matrices

Sol:

Lecture

a O/

N ™M ©
—
© O M™m
™M o O
_ | |
Il
_\I/\1)_\I/__
,M‘M\_,MM_\ o ™M
N o
~—_~—~ —~ O < ™M
e |
M» &m D
N 1
gl _ _
&%
_ M I
l ™ |
_41_2_ o < ™M
| |
N O «d N o
|
_
— _
™~ T
_ 5 | _
I Il
< m
™ _

()

1 6 12]

-6

0

0

2

1 -4 3(=|-10 4

3 6 12

_3 =

(c)

3A-B=|-9 0
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SO Operations with Matrices M'IQQRQETAY |
- Matrix multiplication: N

If A= [aij]mxn’ B= [bij]nxp
Then AB = [aij]mxn [bij]nxp = [Cij ]mxp

L L]

Size of AB

n
where ¢, =» a,b, =a,b; +a,b, +-+a,b,

a.il a.12 a.ln bll blj bln

: . S0y o o by, _

a.l a:iz a:in : : : : Ci Gy Cin
b, - b, - b, |

Ay Ay ann__ -

\_ - Notes: (1) A+B = B+A, (2) AB = BA docon e




Lecture
8 07

Operations with Matrices

« Ex 4: (Find AB)

A=

Sol:

AB =

13

_3 2
4 -2| B=

4 1
5 0

(-D(=3)+()(4) -D@)+ED)
(4)(=3)+ ()4 H(2)+(-2)1)

 OE)+0)() B2+ 0)E) |
g 1-

~4 6
15 10




Lecture

Ay Xy X, + g X, :b
8y X +8yX, +--+a,, X, =D,

2n’'n

Qg X+ A X, Foor A X, = b

U

d; A, | % b,
a21 a22 aZn X2 _ b2
_aml am2 amn _Xn _ _bm _

Operations with Matrices MLQ?&EA{
- Matrix form of a system of linear equations: N

m linear equations

v

Single matrix equation
AXx =D

mxnnx1 mx1
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Lecture

Operations with Matrices

= Transpose of a matrix:

L A a, |
it A=l Sz nlem,,
_pml amz élmn__
all a21 aml_
Then AT =[ %2 (% 7 | e M
[34n| |2 A |

nxm
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SO Operations with Matrices ! N'F\? - SET ;
- Ex 8: (Find the transpose of the following matrix) A
1 2 3 1]
(a) Az[ﬂ (b) A=|4 5 6 (c) A= 4
7 8 9 -1
Sol: (a) W
A= 8} = A" =[2 8]
b [1 2 3 14 7
A= 5 6|=A"=|2 5 8
7 8 9] 3 6 9]
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Lect : : :
Operations with Matrices

= Properties of transposes:
D (A) =A
(2) (A+B) =A" +B'
(3) (cA)' =c(A")
(4) (AB)" =BT AT

www.midocean.ae




Lecture

The Inverse of a Matrix

THEOREM Inverse of a Matrix Using Its Adjoint

If A is an invertible matrix, then

1

1
A= det(A4)

ad)(A4)
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Finding the Inverse of a 2x2 matrix

MIDOCEA

tep-1 First find what is called the Determinant

This is calculated as ad-bc

Step-2 Then swap the elements in the leading diagonal

Step-3 Then negate the other elements

Step-4 Then multiply the Matrix by 1/determinant

1

ad —cb

N——\ﬁRSITY

d b]
c a

d -b]
-¢c a

d -b
-C a

mmmMcean.ae




EECHIE Find Inverse of A MIDOCEA

UNIVERSITYl

/ 07 Step 1- Calc Determinant \
_ 48 Determinant (ad-cb) = 4x3-8x1 = 4
1 3
3 8
step2 j
Step 2 - Swap Elements on leading diagonal 1 4
3 -8
step3
Step 3 - negate the other elements -1 4]
-8
. . stepd —
Step 4 - multiply by 1/determinant 4(—1 4j
check
. 075 =2 AA_lzr 8} {0.75 —2}
= 0.25 1 1 3 025 1
i  [3-2 -8+8]  [1 0
inverse matrix ~lo75-075  -—2+43| |0 1
\__ WWw-midotean,de




Lecture

07

Find the inverses and check them

MIDOCEA

2 6 A_l_l 5 _6 _ 1.25
11 5 4-1 2 ) |-025

Bl

B_—5 20 _:i2
-1 2 10( 1

2 2 1 (-1
C: _1:_
(o —J - -2(0

—20

NIV -3~ S_I_T-.\
L]

o)
—5]:(&i ;;2]
e

\Aunuu.m.i.d.acea.n.an/




Lecture

07

Find the inverses and check them

MIDOCEA

2 6 A_l_l 5 _6 _ 1.25
11 5 4-1 2 ) |-025

Bl

B_—5 20 _:i2
-1 2 10( 1

2 2 1 (-1
C: _1:_
(o —J - -2(0

—20

NIV -3~ S_I_T-.\
L]

o)
—5]:(&i ;;2]
e
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Lecture

4 0/ p

We can use A-1 to solve a system of equations

MIDOCEAI

UNIVERSITY'

3y=1
2x+5y:3

coefficient variable
matrix matrix

To see how, we can re-write a

system of equations as matrices.

constant
matrix

www.midoceag.z‘e
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Lecture

Why will it help us solve equations?

MIDOCEA

UNIVERSITY

Because if we can express a system of equations in the form

AX =D

Then we can multiply both sides by the inverse matrix

A"AX=A"D

And we can then know the values of X because

=A"Db

inverse matrix

~

A"A=

www.midoceag.z‘e




L
ECHIE Solving systems of equations MIDOCEA |

UNIVERSITY
We can use our 2x2 matrices to express these systems of equations \

X+Yy =240
X—3y =0

1 1\ x 240
1 =3 ) Xy, 0

A

constants from the
left hand side

Becomes in matrix form

s

constants from the
right hand side

www.midoceayae




Lecture

07

Your Turn solve the following M,',QQDCSEA
-\i
3x+4y =5 (3 4)()() _ (5] Answer x=-1y =2
5x = 7-by N !
1 7\X B 1.24
X+7y =1.24 “1 3y 1076 Answer x=-0.16 y=0.2
3y -x=0.76
8 —-3|x) (-1
8x=3y-1 1 1 )\y - _7 Answer x=-2y =-5
X+y =-7

\Amuu.m.i.d.acea.n.an/




Lecture

07

|
DETERMINANTS BY COFACTOR EXPANSION MlDOCEA[\II

LN N E R S | TV

DETERMINANTS BY COFACTOR EXPANSION

For A (2x2) matrix

=l

The expression is called the determinant of the matrix and is denoted by
the symbol det A or |A]

the formula for A given in Theorem s

11 d —b
A _det{ﬂ][—c .:J




MIDOCEA|

UNIVERSITY'

THEOREM

If Ais an yx y triangular matri (wpper triangular, lower triangular, or diagonal), then det( 4) is the product of the

eniries on the main diagonal of the matri; that 5, det( 4) = 4y -ty

www.midocean.ae



EXAMPLE Determinant of an Upper Triangular Matrix MIDQ_CEA[\I

= (230 =3ENN(4) = — 1296

o i T i [N
Lo R e T s T S S
Lo T e T L SRS I W
oD -] IR DA
= 0O Sno— 1)
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Adjoint of a Matrix

DEFINITION

If 4 1s any 3 « » matrix and 1'_’."!-_;,- i1s the cofactor of @;;, then the matrix

C1y Cg - Cip|
Cu O = Cp
Cnl Cnﬂ C:-m

1s called the matrix of cofactors from A. The transpose of this matrix 1s called the adjoint of 4 and 1s denoted by adj( 4).

www.midocean.ae



EXAMPLE 6 Adjoint of a Matrix

Let

The cofactors of A are
Ty =12 =6

Cag =2

Ca1 =4
Cay =12 Ty = — 10

A=

so the matrix of cofactors is

and the adjoint of Ais

ady(4) =

2 =1
& E
— 4 I
T3 = — 16
gy = 16
(33 = 16
12 & —16
4 2 16
12 —10 16
12 4 12 ]
& 2 —10
—16 16 16 |

JEI_I

1

~ det(A)

ad)(A)

www.midocean.ae



« Find the inverse of a matrix by Gauss-Jordan Elimination:

[ A | | ] Gauss-Jordan Elimination ll | A—l

A
/7

« EX 2: (Find the inverse of the matrix)

1 4
A —
s
AX =
1 4]x, x| [10
-1 3| xR

X, +4X,, a 1 0
—%,-3%,| |0 1

Sol:

X, +4X,

T X11 = 3X21

MIDOCEA

UNIVERSITY



1
MlDOCl;AY[T!

UNIVERS

« Ex : (Find the inverse of the following matrix)

_ _ oo
oo _
o110 O <t
— O |
ooooooooo _
01__3 .........
o —i
— < |
_
| —— O
00O _
L
—AO0O
\%
5
——~oml \—,
OO
1
Co Tl ool
OO oo
—— O .
0O | O <
......... — N

—
— o
_
— — O 1__1_0
_ —1 O O
I — _ —AO0OO
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1-10:

=[1: AY]

So the matrix A is invertible, and its inverse is

1 1
~ % 510 10: -3 -3 -
0 01:-2 -4 -

P 3

OR O
— OO

2 -3 -—1]
Al=(-3 -3 -1
-2 -4 -1]
= Check:
AAT=ATA=
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Matric Operation
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Hill Cipher MIDOCEA \

UNIVEDCITYl

ad TheHill Cipher was invented by Lester S. Hill in 1929
d TheHill Cipher based on linear algebra

d Encryption

= 2 x 2 Matrix Encryption

= 3 x 3 Matrix Encryption

www.midocean.ae



Hill Cipher MIDOCEA \

UNIVEDCITYl

OQ square matrix M by the equation MM'= M 'M= [, where | is the

identity matrix.

d C =P*K mod 26

www.midocean.ae



Hill Cipher MIDOCEAN
a b C d e f g h 1 ] k 1 m
0 1 2 3 4 5 6 7 8 9 10 | 11 12
n 0 p J r S t u \Y W X y Z
13 114 (15 |16 (17 | 18 | 19 | 20 | 21 | 22 | 23 | 24 | 25
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Hill Cipher MIDOCEAﬂ!

U NIV ERSITY

m

O Exampleof Key 2 x 2 Co It 2 51«5 [ ol 7 s[5 [0l

w

_(H I\ _ (7 8
= (L L) - (11 11)
4 plaintext message "short example®

d P=short example

27=() (D@ () Q) = GG G)(Q) () ()

www.midocean.ae



Hill Cipher MIDOC)EAi{!

IIIIIIIIIIII

1r=(OEOC)IE-(NGEEE)EIE)

Jd C =K *xPmod 26

A%

0 [ko k1] § [POI _ [ko * Po + kq * P1]
ko ksl LP1 ko *po + k3 *pq

Uy al (7= kit ern a7l = s

Q¢ = [j75|mod26= 5] =[]

www.midocean.ae



Hill Cipher Encryption MIDOCEAiﬂ

27=() () (D@ ()0 =) () G () ) ()

(1 1))

7X14+8X17 = 234
11X 14+ 11X 17 = 341

(171 181) (11;) 3 @ﬁ)

(171 181) G;L) B (gﬁ) 3 (g) mod26

e D)=l 1)(7) = Ga) =(5) meaze=(7) NS
www.midocean.ae



Hill Cipher Encryption MIDOCEA|

1P=REOOG) Q=G
(1 1))

(171 181) (149) N Ggg)

(171 181) (149) - (323) = (199) mod 26

(IZ D (2) - (171 181) (149) (%gg) p (199) MOG.20/7 ({")

www.midocean.ae



Hill Cipher Encryption MIDOCEA|

1P=REOO GO =G G
(1 1))

(171 181) (203) N (%gzl),)

(171 181) (203) = GS;) = (159) mod 26

(IZ D (2) = (171 181) (203) X (%gé) = (159) = (1;)

www.midocean.ae



Hill Cipher Encryption MIDOCEA|

1P=REOOG)O=(EEE )
(i1 1))

7X12+8x%x 15 = 204
11x 12+ 11X 15 =297

(171 181) Gé) - (ggg)

(171 181) Gé) = @g;}) a (ﬁ) ek b

(IZ D (?) N (171 181) Gg) 2 @g;}) T (ﬁ) MO0 = (VZ)

www.midocean.ae



Hill Cipher Encryption MIDOCEAiﬂ

ar=() QG =G )G G ()
& el

7X114+8X4 =109
11x11+11X4 =165

b 1)(e)=Ges)
(171 181) (141) - Ggg) - (g) b

(C DO=G ()= Gge)= () moazs=(;)

www.midocean.ae



Hill Cipher Encryption MIDOCEAﬂ!

=) HOOM0)

A This gives us a final ciphertext of "APAD] TFTWLFJ"

www.midocean.ae



Hill Cipher Decryption MIDOCEAﬂ!

=) HOOM0)

[ This gives us a final ciphertext of "APAD] TFTWLFJ"*

L (IZ D F (171 181)

d We want to find K1

www.midocean.ae



Hill Cipher Decryption MIDOCEA

d Step 1 — Find the Multiplicative Inverse of the Determinant
»D(K) =7%11-8x%11=-11mod 26 = 15
»>DD~1 =1mod 26 =15+ D1
> Try and Test 1 mod 26 = 105
>D-1 =7

www.midocean.ae



Hill Cipher Decryption

|
U Step 2 — Find the Adjugate Matrix of Key UMN"QQRQEAIT!
. by (d —b
> ad (a ): )
I\e d/\=¢ «

> adj (171 181)=[—1111 _78) mod 26 = (E 178)

www.midocean.ae



Hill Cipher Decryption MIDOCEA :

1 Step 3 Multiply the Multiplicative Inverse of the Determinant

by the Adjugate Matrix
a7« (E 178) (17675 14296) od 26 — (215 ;g) S

www.midocean.ae



Hill Cipher Decryption MIDOCEAI\I

2= () @OOMG) = (HE ) EDE)
(T 2E=G )0

(
(25><O+22><15)
1x0+ 23 x15

(345)
( g ) mod 26
(

)

www.midocean.ae



Hill Cipher Decryption MIDOCEAiﬂ

2¢=(6) OO M()=(HE G EDE)

(

(5 26)=( 26
(
(

25><O+22><3)
1 X0D+23 X3

www.midocean.ae



Hill Cipher Decryption MIDOCEAI\I

ac=) OO 0)=HE GG
(i 2)=(: 3G

(25><9+22><19)
1xXx94 23 x19

(146)
( 4) mod 26
(

.

www.midocean.ae



Hill Cipher Decryption MIDOCEAI\I

2c-OAOO M) -(OEEEE)
(T 5@ = 25

(
(25x5+22x19)
(

1 x5+4+23x%x19

543
442)

(O) mod 26
(

2

www.midocean.ae



Hill Cipher Decryption M',Q?ﬁ'?ﬁﬂ!

ac=E)EOOM0)=(DO@EEE)
@ (5 2)@)

25: %22+ 22 X 11

_(1x22+23><11)
792
(275)

— Gé) mod 26

= ()
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Hill Cipher Decryption MIDOCEAI\I

2¢=G)@ODO M) =BG EDE)
(7 2)0)=G 206)
(215 ><>< 55 -I:I— 2232 ><>< 99)

323
B (212)
(141) mod 26

= (.
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U NIV ERSITY

T@gkA MiI DOCEAiﬂ

QUsing Hill Cipher how to implement 3x3 matrix

encryption ? The key for a hill cipher 1s a matrix

2 4 5
eg. k=9 2 1 and message= ATTACK AT DAWN

3 Ll
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Thank You




