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Operations with Matrices

Properties of Matrix Operations

The Inverse of a Matrix

Matrices



Lecture

07

www.midocean.ae

Operations with Matrices

 Matrix:

nm

nmmnmmm

n

n

n

ij M

aaaa

aaaa

aaaa

aaaa

aA 



























   ][

321

3333231

2232221

1131211











(i, j)-th entry: ija

row:  m

column:  n

size:  m×n
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Operations with Matrices

row matrix

column matrix

 i-th row vector

 iniii aaar 21

 j-th column vector





















mj

j

j

j

c

c

c

c

2

1

 Square matrix: m = n
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Operations with Matrices

row matrix

column matrix

 i-th row vector

 iniii aaar 21

 j-th column vector





















mj

j

j

j

c

c

c

c

2

1

 Square matrix: m = n
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Operations with Matrices











654

321
A 










2

1

r

r

 321 ccc

 ,3211 r  6542 r

,
4

1
1 








c ,

5

2
2 








c 










6

3
3c











654

321
A




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Operations with Matrices

nmijnmij bBaA   ][  ,][  If

 Equal matrix:

njmibaBA ijij  1  ,1      ifonly  and if   Then 

 Ex 1: (Equal matrix)




















dc

ba
BA             

43

21

BA   If

4   ,3   ,2   ,1 Then  dcba 
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Operations with Matrices

 Matrix addition:

nmijnmij bBaA   ][  ,][ If

nmijijnmijnmij babaBA   ][][][Then  

 Ex 2: (Matrix addition)













































31

50

2110

3211

21

31

10

21









































2

3

1

2

3

1























22

33

11



















0

0

0
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Operations with Matrices

 Matrix subtraction:

BABA )1(

 Scalar multiplication:

scalar :   ,][ If caA nmij 

 Ex 3: (Scalar multiplication and matrix subtraction)



















212

103

421

A





















231

341

002

B

Find (a) 3A,  (b) –B,  (c) 3A – B

nmijcacA  ][Then 
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Operations with Matrices

(a)



















212

103

421

33A

(b)

 





















231

341

002

1B

(c)







































231

341

002

636

309

1263

3 BA

Sol:



















636

309

1263     

     

     

















231323

130333

432313

























231

341

002



















407

6410

1261
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Operations with Matrices

 Matrix multiplication:

pnijnmij bBaA   ][  ,][ If

pmijpnijnmij cbaAB   ][][][Then 

njin

n

k

jijikjikij babababac 



1

2211
where

 Notes:  (1) A+B = B+A,  (2) BAAB 

Size of AB































































inijii

nnnjn

nj

nj

nnnn

inii

n

cccc

bbb

bbb

bbb

aaa

aaa

aaa






















21

1

2221

1111

21

21

11211
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Operations with Matrices























05

24

31

A 













14

23
B

 Ex 4: (Find AB)

Sol:

























)1)(0()2)(5()4)(0()3)(5(

)1)(2()2)(4()4)(2()3)(4(

)1)(3()2)(1()4)(3()3)(1(

AB

























1015

64

19
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Operations with Matrices

 Matrix form of a system of linear equations:



















mnmnmm

nn

nn

bxaxaxa

bxaxaxa

bxaxaxa









2211

22222121

11212111

= = =

A x b

equationslinear  m

equationmatrix  Single

bx A     
1  nnm 1m
























































mnmnmm

n

n

b

b

b

x

x

x

aaa

aaa

aaa











2

1

2

1

21

22221

11211


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Operations with Matrices

nm

mnmm

n

n

M

aaa

aaa

aaa

A 



















    If

21

22221

11211









mn

mnnn

m

m

T M

aaa

aaa

aaa

A 



















  Then  

21

22212

12111









 Transpose of a matrix:
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Operations with Matrices











8

2
A (b)



















987

654

321

A (c)





















11

42

10

A

Sol: (a)











8

2
A  82 TA

(b)



















987

654

321

A



















963

852

741
TA

(c)





















11

42

10

A 











141

120
TA

(a)

 Ex 8: (Find the transpose of the following matrix)
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Operations with Matrices

AA TT )(  )1(

TTT BABA  )(  )2(

)()(  )3( TT AccA 

 )(  )4( TTT ABAB 

 Properties of transposes:
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The Inverse of a Matrix

THEOREM Inverse of a Matrix Using Its Adjoint

If A is an invertible matrix, then



Lecture

07

www.midocean.ae

Finding the Inverse of a 2x2 matrix










dc

ba
Step-1 First find what is called the Determinant

This is calculated as  ad-bc

Step-2 Then swap the elements in the leading diagonal 








ac

bd

Step-3 Then negate the other elements













ac

bd














 ac

bd

cbad

1

Step-4 Then multiply the Matrix by 1/determinant
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Find Inverse of A

inverse matrix











31

84
A Determinant (ad-cb)   =   4x3-8x1  =  4

Step 1 – Calc Determinant

Step 2 – Swap Elements on leading diagonal 








41

83
step2














41

83
step3

Step 3 – negate the other elements 

Step 4 – multiply by 1/determinant 












41

83

4

1
step4















125.0

275.0
1A
















































10

01

3275.075.0

8823

125.0

275.0

31

841
AA

check
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Find the inverses and check them













10

22
C











51

62
A















21

205
B



















 




10

15.0

20

21

2

1
C 1




























5.025.0

5.125.1

21

65

4

1
A 1




























5.01.0

22.0

51

202

10

11B
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Find the inverses and check them













10

22
C











51

62
A















21

205
B



















 




10

15.0

20

21

2

1
C 1




























5.025.0

5.125.1

21

65

4

1
A 1




























5.01.0

22.0

51

202

10

11B
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We can use A-1 to solve a system of equations

352

13





yx

yx

bx A

To see how, we can re-write a 

system of equations as matrices.

coefficient 

matrix
variable 

matrix

constant 

matrix










52

31










y

x










3

1
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Why will it help us solve equations?

Because if we can express a system of equations in the form  

bAx 

Then we can  multiply both sides by the inverse matrix 

bAAxA 11  
And we can then know the values of X  because

IAA 1

bAx
1

inverse matrix
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Solving systems of equations

inverse matrix

We can use our 2x2 matrices to express these  systems of equations 



























 0

240

31

11

2

1

x

x

constants from the 
right hand side

constants from the 
left hand side









03

240

yx

yx
Becomes in matrix form

UNKNOWNS
X ~ x1
Y ~ x2
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Your Turn solve the following

3x +4y = 5

5x = 7-6y

x+7y = 1.24

3y -x = 0.76

8x = 3y -1

x+y =-7





























 

7

1

y

x

11

38



























 76.0

24.1

y

x

31

71



























7

5

y

x

65

43 Answer x = -1 y = 2

Answer x = -0.16 y = 0.2

Answer x = -2 y = -5
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DETERMINANTS BY COFACTOR EXPANSION

DETERMINANTS BY COFACTOR EXPANSION

For A (2x2) matrix

The expression is called the determinant of the matrix and is denoted by 
the symbol det A or |A|

the formula for A-1 given in Theorem is



THEOREM
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EXAMPLE Determinant of an Upper Triangular Matrix
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Adjoint of a Matrix
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EXAMPLE 6 Adjoint of a Matrix
Let

The cofactors of A are

so the matrix of cofactors is

and the adjoint of A is
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   1nEliminatioJordan -Gauss ||   AIIA

 Ex 2: (Find the inverse of the matrix)













31

41
A

Sol:
IAX 



























 10

01

31

41

2221

1211

xx

xx























10

01

33

44

22122111

22122111

xxxx

xxxx

 Find the inverse of a matrix by Gauss-Jordan Elimination:























326
101
011

A

  
100326
011110
001011

  
)1(

12


























r

Sol:

 




















100
010
001

326
101
011

    




 IA






















106
011
001

340
110
011

  
)6(

13





r






















142100
011110
001011

  
)1(

3





r





















142100
011110
001011

  
)4(

23





r

 Ex : (Find the inverse of the following matrix)
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



















142100
133010
001011

 
)1(

32





r




















141100
133010
132001

 
)1(

21





r

So the matrix A is invertible, and its inverse is

























142

133

132
1A

]  [  1 AI 

 Check:

IAAAA   11  
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Matric Operation 

Hill Cipher 



 TheHill Cipher was invented by Lester S. Hill in 1929

 TheHill Cipher based on linear algebra

 Encryption

 2 x 2 Matrix Encryption

 3 x 3 Matrix Encryption

www.midocean.ae

Hill Cipher



 square matrix 𝑀 by the equation 𝑀𝑀−1= 𝑀−1𝑀= 𝐼, where 𝐼 is the 

identity matrix.

 C =P*K mod 26

www.midocean.ae

Hill Cipher
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Hill Cipher



 Example of Key 2 x 2

 𝐾 =
𝐻 𝐼
𝐿 𝐿

=
7 8

11 11

 plaintext message "short example“

 𝑃=short example

 𝑃 =
𝑆
ℎ

𝑜
𝑟

𝑡
𝑒

𝑥
𝑎

𝑚
𝑝

𝑙
𝑒

=
18 14 19 23 12 11
7 17 4 0 15 4
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Hill Cipher



 𝑃=
𝑆
ℎ

𝑜
𝑟

𝑡
𝑒

𝑥
𝑎

𝑚
𝑝

𝑙
𝑒

=
18 14 19 23 12 11
7 17 4 0 15 4

 𝐶 = 𝐾 ∗ 𝑃 𝑚𝑜𝑑 26


𝑘0 𝑘1

𝑘2 𝑘3
∗
𝑝0

𝑝1
=

𝑘0 ∗ 𝑝0 + 𝑘1 ∗ 𝑝1

𝑘2 ∗ 𝑝0 + 𝑘3 ∗ 𝑝1


7 8 ∗ 18 =

11 11 7
7 ∗ 18 + 8 ∗ 7 182

11 ∗ 18 + 11 ∗ 7
=

275

275
 𝐶 = 182 𝑚𝑜𝑑 26 =

0
15

=
𝑎
𝑝
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Hill Cipher



 𝑃 =
𝑆
ℎ

𝑜
𝑟

𝑡
𝑒

𝑥
𝑎

𝑚
𝑝

𝑙
𝑒

=
18 14 19 23 12 11
7 17 4 0 15 4
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Hill Cipher Encryption



 𝑃 =
𝑆
ℎ

𝑜
𝑟

𝑡
𝑒

𝑥
𝑎

𝑚
𝑝

𝑙
𝑒

=
18 14 19 23 12 11
7 17 4 0 15 4
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Hill Cipher Encryption



 𝑃 =
𝑆
ℎ

𝑜
𝑟

𝑡
𝑒

𝑥
𝑎

𝑚
𝑝

𝑙
𝑒

=
18 14 19 23 12 11
7 17 4 0 15 4
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Hill Cipher Encryption



 𝑃 =
𝑆
ℎ

𝑜
𝑟

𝑡
𝑒

𝑥
𝑎

𝑚
𝑝

𝑙
𝑒

=
18 14 19 23 12 11
7 17 4 0 15 4
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Hill Cipher Encryption



 𝑃 =
𝑆
ℎ

𝑜
𝑟

𝑡
𝑒

𝑥
𝑎

𝑚
𝑝

𝑙
𝑒

=
18 14 19 23 12 11
7 17 4 0 15 4
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Hill Cipher Encryption



 𝐶 =
𝑎
𝑝

𝑎
𝑑

𝑗 𝑓
𝑡 𝑡

𝑤 𝑓
𝑙 𝑗

 This gives us a final ciphertext of "APADJ TFTWLFJ"
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Hill Cipher Encryption



 𝐶 =
𝑎
𝑝

𝑎
𝑑

𝑗 𝑓
𝑡 𝑡

𝑤 𝑓
𝑙 𝑗

 This gives us a final ciphertext of "APADJ TFTWLFJ“

 𝐾 =
𝐻 𝐼
𝐿 𝐿

=
7 8

11 11

We want to find 𝐾−1
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 𝑆𝑡𝑒𝑝 1 − 𝐹𝑖𝑛𝑑 𝑡ℎ𝑒 𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝐼𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑡ℎ𝑒 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑛𝑡

𝐷 (𝐾) = 7 ∗ 11 − 8 ∗ 11 = −11𝑚𝑜𝑑 26 = 15

𝐷𝐷−1 = 1 𝑚𝑜𝑑 26 = 15 ∗ 𝐷−1

Try and Test 1 𝑚𝑜𝑑 26 = 105

𝐷−1 = 7
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Hill Cipher Decryption



 𝑆𝑡𝑒𝑝 2 − 𝐹𝑖𝑛𝑑 𝑡ℎ𝑒 𝐴𝑑𝑗𝑢𝑔𝑎𝑡𝑒 𝑀𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝐾𝑒𝑦

𝑎𝑑𝑗 𝑎 𝑏 𝑑 −𝑏
𝑐 𝑑

=
−𝑐 𝑎

𝑎𝑑𝑗 =
7 8 11

11 11 −11 7
−8 mod 26 =

11 18
15 7
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 𝑆𝑡𝑒𝑝 3 𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑦 𝑡ℎ𝑒 𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝐼𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑡ℎ𝑒 𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑛𝑡

𝑏𝑦 𝑡ℎ𝑒 𝐴𝑑𝑗𝑢𝑔𝑎𝑡𝑒 𝑀𝑎𝑡𝑟𝑖𝑥

 7 ∗
11 18
15 7

=
77 126

165 49
𝑚𝑜𝑑 26 =

25 22
1 23

= 𝐾−1
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Hill Cipher Decryption



 𝐶 =
𝑎
𝑝

𝑎
𝑑

𝑗 𝑓
𝑡 𝑡

𝑤 𝑓
𝑙 𝑗

=
0 0 9 5 22 5

15 3 19 19 11 9
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Hill Cipher Decryption



 𝐶 =
𝑎
𝑝

𝑎
𝑑

𝑗 𝑓
𝑡 𝑡

𝑤 𝑓
𝑙 𝑗

=
0 0 9 5 22 5

15 3 19 19 11 9
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Hill Cipher Decryption



 𝐶 =
𝑎
𝑝

𝑎
𝑑

𝑗 𝑓
𝑡 𝑡

𝑤 𝑓
𝑙 𝑗

=
0 0 9 5 22 5

15 3 19 19 11 9
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Hill Cipher Decryption



 𝐶 =
𝑎
𝑝

𝑎
𝑑

𝑗 𝑓
𝑡 𝑡

𝑤 𝑓
𝑙 𝑗

=
0 0 9 5 22 5

15 3 19 19 11 9
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Hill Cipher Decryption



 𝐶 =
𝑎
𝑝

𝑎
𝑑

𝑗 𝑓
𝑡 𝑡

𝑤 𝑓
𝑙 𝑗

=
0 0 9 5 22 5

15 3 19 19 11 9
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Hill Cipher Decryption



 𝐶 =
𝑎
𝑝

𝑎
𝑑

𝑗 𝑓
𝑡 𝑡

𝑤 𝑓
𝑙 𝑗

=
0 0 9 5 22 5

15 3 19 19 11 9
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Hill Cipher Decryption



Using Hill Cipher how to implement 3x3 matrix 

encryption ? The key for a hill cipher is a matrix

2 4 5
e.g. 𝒌 = 9 2 1 and message= ATTACK AT DAWN

3 17 7
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Thank You


