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Chapter Outline

9.1 Correlation
9.2 Linear Regression

9.3 Measures of Regression and Prediction Intervals

MIDOCEAN
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Section 9.1: Correlation MIDOCEAIl

UNIVERSITYII
A relationship between two variables. The data can be represented by ordered pairs (x, )) |

(x,y )‘“"J“ )5 3 Al gy Ll JAGE K psbe s ANl

Xis the (or ) (eapasil l) Jiial) jsidl s
yis the (or ) (i) ) ) il s
A can be used to determine whether a linear (straight line) correlation

exists between two variables.
Ooia O (pitiese Jad) ad bl ) @llia S 1Y) L it fiasal) aladl) aladtinl (Sag

Example: 5 o
12345::::“:--*
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Types of Correlation

As x Increases, y
¢* ® |tends to decrease.

X

X

No Correlation

oo As x Increases, y

° tends to 1increase.

X

Positive Linear Correlation

>

Nonlinear Correlation
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Example: Constructing a Scatter Plot

A marketing manager conducted a study to
determine whether there is a linear relationship
between money spent on advertising and
company sales. The data are shown in the table.

Display the data in a scatter plot and determine

whether there appears to be a positive or
negative linear correlation or no linear
correlation.

Ao ellia il 13) Lo apaail Al 5o 3y gusil) (5 j020 2al (5 5al
Slase s Sl o Ledlas) w1 ) 5e¥) cp ddad
Jsall B QL) (e oy 48,4

L) llia S 13 L dday fiesa Jalada b cililall e
P CENS T KPRV O S W [ BN [ N

Advertising Company

expenses,
($1000), x
2.4
1.6
2.0
2.6
1.4
1.6
2.0
2.2

sales
($1000), y

225
184
220
240
180
184
186
215
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Solution: Constructing a Scatter Plot

)
=
-
L 2

220 >

200

180 *

Company sales
(in thousands of dollars)

14 16 18 2 22 24 26

Advertising expenses
(in thousands of dollars)

Advertising Company

expenses, sales

($1000), x ($1000), y
2.4 225
1.6 184
2.0 220
2.6 240
1.4 180
1.6 184
2.0 186
2.2 215

Appears to be a positive linear correlation. As the advertising

expenses increase, the sales tend to increase.
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: . . MIDOCEAilI
Correlation coefficient UNIvERS TV

A measure of the strength and the direction of a linear relationship
between two variables.
Croie O Agladl) A83Lal) olatl 5 5 68l alia
The symbol rrepresents the sample correlation coefficient.
A formula for ris

N2 xy - (ZX)(Zy) nis the number
\/an - Zx \/nZy Zy) of data pairs

The population correlation coefficient is represented by g (rho).
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. . IDOCE
Correlation coefficient UNTVERSITY
The range of the correlation coefficient is -1 to 1.
¢ ; °
-1 0 1

If »=-1thereisa
perfect negative
correlation

If 7 1s close to 0
there 1s no linear

correlation

I[fr=1thereisa
perfect positive
correlation
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Linear Correlation

Strong negative correlation

y

- . .

- r=0.42

o % oo

e , X

L

Weak positive correlation

r=0.88

e X

L

Strong positive correlation

Nonlinear Correlation
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Example: Finding the Correlation Coefficient ID

Calculate the correlation coefficient for the Advertising Company
advertising expenditures and company sales expenses, sales
data. What can you conclude? ($1000), x ($1000), y
2.4 225
1.6 184
e il e Y i L Y Jebae il ;-(6) 34218
Coriting o SliSay 13l 4S5 -
g ol Sie B 2 1.4 180
1.6 184
2.0 186
2.2 215
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Solution: Finding the Correlation

__________ x2
2.4 225 540 5.76 50,625
1.6 184 294 .4 2.56 33,856
2.0 220 440 4 48.400
2.6 240 624 6.76 57,600
1.4 180 252 1.96 32,400
1.6 184 294 .4 2.56 33,856
2.0 186 372 4 34,596
2.2 215 473 4.84 46,225
Xx=15.8 |Zy=1634 | Xxy=3289.8|Xx° = 32.44 ¥y’ = 337,558

www.midocean.ae



Solution: Finding the Correlation Coefficient ID

U N I

E
RSITY

Sr=158 Iy=1634 Zxy=3289.8 Ix’=32.44 3)°=337,558
n2xy—(Xx)(Zy)
JnZx = (2 nZ P - y)
8(3289.8) — (15.8)(1634)
\/8(%2 44) —15.8%,/8(337,558) — 1634’

_ 501.2
J9.88./30,508

r~ (0.913 suggests a strong positive linear correlation. As
the amount spent on advertising increases, the company
sales also increase.

r =

~ 0.9129
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Example: Finding the Correlation Coefficient

A sample of 6 children was selected,
data about their age in years and
weight in kilograms was recorded as
shown in the following table . It is
required to find the correlation

between age and weight.

by Jaaas & g Jlilal 6 (e 4058 dipe lial o
5o LS ol oL agi 355 <l siually o jlac]
Bl e il Giglha ) Jsaall 8 e se
058 serdl G

MIDOCEAN

Age Weight
(years) (Kg)
7 12
6 8
8 12
5 10
6 11
9 13
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Example: Finding the Correlation Coefficient

Age Weight
(years) (Kg) XY X2 Y?2
(X) (¥)
7 12 384 49 144
6 3 48 36 64
8 12 96 64 144
S 10 50 25 100
6 11 66 36 121
9 13 117 31 169
>Yx=41 dYy=66 |>xy=461 YX2=291 | >y2=742

MIDOCEA|

UNIVERSITY'
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UNIVERSITY

Example: Finding the Correlation Coefficient M|DOCEAII“
|

N2 Xy —(ZX)(2Y)
\/an -(2Zx) \/nZy (Zy)’

(6) x (461) = (41) X (66)
JL(6)x(291) - (41) [ (6)x(742) - (66)* |

r=0.759
strong direct correlation
SR gk bl )

I =
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Example: Finding the Correlation Coefficient

EXAMPLE: Relationship between

Anxiety and Test Scores
DLia Y il g Bl g A8l Ui

QAR

Anxiety Test score (Y)
(X)
10 2
38 3
2 9
1 /
) 6
6 5
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Example: Finding the Correlation Coefficient

Anxiety | Test X2 Y?2 XY
score
(X) (Y)
10 2 100 20
8 3 64 9 24
2 9 4 81 18
1 7 1 49 7
5 6 25 36 30
6 5 36 25 30
YX= | YY= YX2=| YY2= | YXY=
32 32 230 204 129

MIDOCEA

UNIVERSITY
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Example: Finding the Correlation Coefficient M|DOCEAII“
|

UNIVERSITY

N2 Xy —(ZX)(2Y)
\/an -(2Zx) \/nZy (Zy)’

(6)x(129) —(32) % (32)

J(6)x(230) —322 /(6) x (204) - 32°
7741024

~ /356 x /200

Indirect Strong correlation
L;)s u_..nSs; DAY

F =

= -0.94

www.midocean.ae



Section 9.2: Linear Regression MIDOCEA[\I

* Find the equation of a regression line

* Predict y~values using a regression equation

a3y Alalae alaiuly o &8 53
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Regression Line MIDOCEA[\I

After verifying that the linear correlation between two variables is significant, next

we determine the equation of the line that best models the data ( ).
ISy bl Jiay o3 Jaad) Aalea Gl dny 22s ¢y paiie C add) Tl V) dpaal (e (goail) 22y
(O1aa3Y) ol il

Can be used to predict the value of yfor a given value of x.
y

N
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Regression Line MIDOCEA[\I

( )

The line for which the sum of the squares of the residuals Is a minimum.

Y12l g LA Gl o £ sana 48 0 5S5 (53)) Ladl
The equation of a regression line for an independent variable xand a
dependent variable yis

B U uaia g Jiue il sy Lo dlalas
y=mx+b
~ .
/ N\ y-intercept

Predicted Slope

y-value for

a given x-

value
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The equation of Regression Line

y=mx + b where

v 1s the mean of the y-values in the data

x 1s the mean of the x-values in the data

The regression line always passes t|

(¥.7)

hrough the point
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Example: Finding the Equation of a MlDOCEAI\I
Regression Line

Find the equation of the regression line for the
following data.
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Solution: Finding the Equation of a

Regression Line

Recall from section 9.1:

X Y x* AV
1 6 1 6
3 4 9 12
4 4 16 16
6 3 36 18
7 2 49 14
9 1 81 g
Z 30 20 192 75

MIDOCEAN
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Solution: Finding the Equation of a MlDOCEAI\I
Regression Line
_nExy —(Zx)(Zy)
nXx’—(Xx )2
(6) x (75) —(30) x (20)
m = —
(6)x (192) —30’
b=y -mx

p =22 _(~0595)>2 =631
6 6

m

—0.995

Equation of regression line
y =—-0.595x +6.31
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Example: Finding the Equation of a 1D
Regression Line

Advertising Company

Find the equation of the regression line for the expenses, sales
advertising expenditures and company sales ($1000), x ($1000), y

data. ; 2.4 225

Cilaane lily g Sle ) culaail jlaasy) Jad Aalas 2 f 16 184

A8l 2.0 220

2.6 240

1.4 180

1.6 184

2.0 186

2.2 215
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Solution: Finding the Equation of a

Regression Line

Recall from section 9.1:

___________ x?
2.4 225 540 5.76
1.6 184 294.4 2.56
2.0 220 440 4
2.6 240 624 6.76
1.4 180 252 1.96
1.6 184 294 4 2.56
2.0 186 372 4
2.2 215 473 4.84
Xx=15.8 |Zy=1634 | Lxy=3289.8|2x°=32.44
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Solution: Finding the Equation of a MIDOCEA
Regression Line
>x=158 Xy=1634 Zxy =3289.8 Xx?=32.44
. n2 xy—(2x)(Zy) _8(3289.8)—(15.8)(1634)
nY x*—( x)° 8(32.44)-15.8
_501.2
=5 gg ~50.72874
b=y—mx ="0" (50728741 %°

=204.25—(50.72874)(1.975)~104.0607

Equation of the regression line y = 50.729x +104.061

www.midocean.ae



Example: Predicting y-Values Using IDOCE

Regression Equations

R TY

To sketch the regression line, use any two x-values within the range of
the data and calculate the corresponding )~values from the regression
line.

-

[
)
=

&
,/‘//"“‘“jr —50.729x +104.061
/ ¢
X

1.I4 1?5 1_IE 2 E.IE 2?4 E.IE 28
Advertising expenses
(in thousands of dollars)

b
]
=]

]
]
=]

—_
2]
=]

*_

Company sales
(in thousands of dollars)

Y
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Solution: Predicting y-Values Using MIDOCEAI\I
Regression Equations

The regression equation for the advertising expenses (in thousands of dollars) and
company sales (in thousands of dollars) data is y = 50.729x + 104.061. Use this
equation to predict the expected company sales for the following advertising
expenses. (Recall from section 9.1 that x and ) have a significant linear
correlation.)
2 (&)Y gl a_a‘ﬂ_)) A Al Clara g (<Y gall LJYL) Oe Y Cay jlaa bl lasay) ddalas
AUl eV cay jlianl dad glall AS HAl) Glayay gl Adalaal) oda 22450
1. 1.5 thousand dollars
2. 1.8 thousand dollars

3. 2.5 thousand dollars
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Solution: Predicting y-Values Using
Regression Equations

y=150.729x + 104.061

|. 1.5 thousand dollars

¥ =50.729(1.5) + 104.061 = 180.155

When the advertising expenses are $1500, the
company sales are about $180,155.

(N

1.8 thousand dollars
y=50.729(1.8) + 104.061 =~ 195.373

When the advertising expenses are $1800, the
company sales are about $195,373.

www.midocean.ae



Solution: Predicting y-Values Using 1D
Regression Equations

2.5 thousand dollars
y=50.729(2.5) + 104.061 = 230.884

When the advertising expenses are $2500, the
company sales are about $230,884.

Prediction values are meaningful only for x-values in
(or close to) the range of the data. The x-values in the
original data set range from 1.4 to 2.6. So, 1t would

not be appropriate to use the regression line to predict

company sales for advertising expenditures such as 0.5
($500) or 5.0 ($5000).

www.midocean.ae



Section 9.3: Measures of Regression and MIDOCEA[\I
Prediction Intervals

Variation About a Regression Line Jaas¥l hd Jpa Y|
Three types of variation about a regression line oyl Taa@en IR (e ) o
Total \_/arlatlor! - LIS oY)
Explained variation N i
Unexplained variation e
Do e b
To find the total variation, you must first calculate Gl ¥l elde Cany ¢ Jlaa) bl e ) giall
The SSU ol syl
The zuaia pall ol a3l
The
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Variation About a Regression Line

Total Deviation = y =y

Explained Deviation= ). —

Unexplained Deviation = y. — j.

Y (X, V) Unexplained
Total deviation
deviation } Vi~ Vi
Vi— ) (x,3) + Explained
- —~ deviation
| I .]’TI) f ."F_ — T
:_ > X
X
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Variation About a Regression Line ID

Total variation

* The sum of the squares of the differences between the
y-value of each ordered pair and the mean of y.

- L 38 2
Total variation =2 (,,V i~y )

Explained variation

* The sum of the squares of the differences between
each predicted y-value and the mean of y.

. _ - 2
Explained variation = ( Y, — y)

www.midocean.ae



Variation About a Regression Line ID

Unexplained variation

* The sum of the squares of the differences between the
y-value of each ordered pair and each corresponding
predicted y-value.

Unexplained variation = ( V= j}f)2

The sum of the explained and unexplained variation is
equal to the total variation.

Total variation = Explained variation + Unexplained variation

www.midocean.ae



Coefficient of Determination

Coefficient of determination

* The ratio of the explained variation to the total
variation.

*  Denoted by r?

» _ Explained variation
ro = —
Total variation

www.midocean.ae



Example: Coefficient of Determination MIDOCEA \

UNIVERSITY'

The correlation coefficient for the advertising expenses and company sales data as
calculated in Section 9.1 is r = 0.913. Find the coefficient of determination. What
does this tell you about the explained variation of the data about the regression line?

About the unexplained variation?
calal) e 13a @l a1k sl Jalae 2 ol 4S8N Cilaae Gl g e V) Cay jleadd ol JY) Jalas
5 el e (DAY Jga € laai¥i ol J sa Glilall o gl

r* ~(0.913)°

~ (0.834

About 83.4% of the variation 1n the company sales can be

explained by the variation 1n the advertising expenditures.
About 16.9% of the variation 1s unexplained.
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The Standard Error of Estimate IQ

Standard error of estimate

* The standard deviation of the observed y,-values
about the predicted y-value for a given x;-value.

* Denoted by s,.

2.(y, — j‘;?_)z n 1s the number of ordered pairs
Se = n—"2 in the data set

* The closer the observed y-values are to the predicted
y-values, the smaller the standard error of estimate

will be.
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Example: The Standard Error of MIDOCEA[\I
Estimate

The regression equation for the advertising expenses and
company sales data as calculated in section 9.2 Is

y=2950.729x+ 104.061

Find the standard error of estimate.

Solution:
Use a table to calculate the sum of the squared differences of

each observed )~value and the corresponding predicted -
value.
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Solution: The Standard Error of IQ
Estimate

2.4
1.6
2.0
2.6
1.4
1.6
2.0
2.2

225
184
220
240
180
184
186
215

(225 —225.81)2 = 0.6561
(184 — 185.23)2 = 1.5129
(220 — 205.52)2 = 209.6704
(240 — 235.96)2 = 16.3216
(180 — 175.08)2 = 24.2064
(184 — 185.23)2 = 1.5129
(186 —205.52)2 = 381.0304
(215 — 215.66)2 = 0.4356

¥ = 635.3463

unexplained variation
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Solution: The Standard Error of
Estimate

© n=8, (v~ )* = 635.3463

B U TN GEEIER T

The standard error of estimate of the company sales
for a specific advertising expense is about $10.29.
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Chapter Summary MIDOCEAI\I

9.1 Correlation
9.2 Linear Regression

9.3 Measures of Regression and Prediction Intervals
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Un Solved Examples

I the correlation coefficient » =-0.02, this means that there is strong
negative (indirect) correlation.

Ao A ABe alin o w 13¢8 5 = 0,02 bl )Y Celaa S 10
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Un Solved Examples

If the equation of regression is given by y =50x +100, then the predicting
y-value at x =8is equal to

S g
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