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At the end of this section you should be familiar with:

 Compound Interest

» Continuous compounding interest
* Annual Percentage rate APR

* Depreciation
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Chapter

05 Continuous compounding

When interest is compounded several times per year

In reality, interest may be compounded several times per year, for example it may be
compounded daily, weekly, monthly, quarterly, semi-annually or continuously. Each time
period iIs known as a conversion period or interest period. The number of conversion
periods per year is denoted by the symbol@the interest rate applied at each conversion

IS I/m. @ 'W— fd{_
L o

@S Ul eroa)l dooly Resource Book: T. Bradley and P., Patton, Essential Mathematics for Economics and Business, 2nd Ed. John Willey & Sons, Ltd, 2002
EVERYONE S SMART UNIVERSITY

Lecturer: Dr. Sahar ALBOSAILY MTH 112 Lecture 08 PPt.3



Chapter

05 Continuous compounding

When interest is compounded several times per year
For example, an investment compounded twelve times per year will have twelve conversion
periods; therefore if a five-year investment was compounded twelve times annually, then
the investment would have sixty conversion periods; that is,
n=mx<t
where
n = total number of conversion periods
m = conversion periods per year
t = number of years
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Chapter

05 Continuous compounding

When interest iIs compounded several times per vear
The value of the investment at the end of n conversion periods is

N n [\ MmXt
Pt=PO<1+—) =PO<1+—> (5.13)
m
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05 Continuous compounding

Example:
£5000 is invested for three years at 8% per annum compounded semi-annually.

(a) Calculate the total value of the investment. ?e. =?3
(b) Compare the return on the investment when interest is compounded annually to

that when compounded semi-annually.
(c) Calculate the total value of the investment when compounded, (i) monthly,

(ii) daily. Assume all months consist of 365/12 days.
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Solution: () Pb -
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05 Continuous compounding

n=mX¢&
=(36s)(3)

I)3=(5006)( i“’ -375' 240’5

= (5e0) ( 4.2%12)
= 635£

£356 - £258.5 =
lukehort s cofornded ammualy .

<)

Solution:

Thas
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05 Continuous compounding

Continuous compounding
In the previous example, compounding over several time intervals was illustrated:

semiannually, monthly and daily. In each case, the return on the investment increases as m,
the number of compounding per year, increases. One could also compound continuously,
for example every minute, second or microsecond. With continuous compounding, the total

value is given by the formula) P C\
Pt p— Poelt (514)

where e =2.718281828.
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Chapter

05 Continuous compounding

Continuous compounding
This formula is derived from formula (5.13), by letting the number of compoundings per

year, m, become very lare so that
[

7\ (m)(1) I \M . .
P, = Po(l | ) — P, (1 : ) — Ple] = Pyet"
m m

I\ .
Since <1 | ) approaches e¢' as m gets larger.
m
g‘ e
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05 Continuous compounding

Continuous compounding
[

[\ (m)(@) 1\ . .
) =PO (1 I ) =P0[el]t=POelt
m

m
i m
To check this by evaluating (1 +- —) fofr one value of 1 and various values of m, such as
m

i=5/100 = 0.05,

m= 10, 20, 30, 40, 50, 365.

You should get, 1.05114, 1.0512055, 1.051227. 1.0512383, 1.0512448, 1.0512675
while ¢! = %= 1.0512711.

=B

@S Ul eroa)l dooly Resource Book: T. Bradley and P., Patton, Essential Mathematics for Economics and Business, 2nd Ed. John Willey & Sons, Ltd, 2002

EVERYONE S SMART UNIVERSITY
Lecturer: Dr. Sahar ALBOSAILY MTH 112 Lecture 08 PPt.13




Chapter

05 Continuous compounding

Example
A financial consultant advises you to invest £5000 at 8% compounded continuously for

three years.
Find the total value of your investment.
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05 Continuous compounding

Solution
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05 Annual percentage rate (APR)

Annual percentage rate (APR).

Interest rates are usually cited as nominal rates of interest expressed as per annum figures.
However, as compounding may occur several times during the year with the nominal rate,
the amount owed or accumulated will be different from that calculated by compounding
once a year.
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Chapter

05 Annual percentage rate (APR)

Annual percentage rate (APR).

S0, a standard measure is needed to compare the amount earned at quoted nominal rates

of interest when compounding is carried out several times per year. This standard measure
Is called the annual percentage rate (APR) or effective annual rate.
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05 Annual percentage rate (APR)

Annual percentage rate (APR).

If interest is compounded once a year at the APR rate the investment would yield exactly
the same return, P, at the end of t years, as it would if interest were compounded m times

per year at the nominal rate.
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05 Annual percentage rate (APR)

Annual percentage rate (APR).

For example, consider an investment of £100 at a nominal interest rate of 10%
compounded semi-annually, that is, at 5% per six months. The investment at the end of the
first six months is worth £[100 + 0.05( 100)] = £105. Then invest this £105 for a further six
months and it grows to £[105 + 0.05(105)] =£110.25. At the end of the year, the Iinitial
investment of £100 has grown to £110.25, giving an annual percentage rate, APR, of
10.25% which is greater than the nominal rate of 10%.
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05 Annual percentage rate (APR)

The formula for the annual percentage rate (APR) is derived as follows:

il
P, = P, (1 + --) nominal rate compounded m times per year
m

P, = Py(1 + APR)' A PR rate compounded annually
_ l

mir
Py(1 + APR)" = P, (] -+ ;;) since the yield 1s the same

. mi
(1 + APR)" = (l + —1-) dividing both sides by P,

|+ APR = (l + —) taking the rth root of each side

APR — (l +i) 1
m
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Chapter

05 Annual percentage rate (APR)

To explain each step In the derivation of the formula for the APR when interest is
compounded continuously as outlined below:

P, = Py¢" and P, = Py(l + APR)
Py(1 + APR) = Pye¢"
(14 APR) = ¢"
| + APR = ¢'
APR =¢' — |
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05 Annual percentage rate (APR)

The APR, therefore, may be calculated by the followingformulae:

= When the nominal rate is compounded m timegper year.

APR=(1 A l )" -1

= When the nominal rate is compounded continuously.

APR=¢'-1
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Example:
a). Find the annual percentage rate on loan corresponding to 6.0% compounded monthly.

b). Two bankgin a local town quote the following nominal interest rates: bank A, Pays
interest on a savings account at 6.60% compounded monthly and bank B, pays 6.65% on a

savings account compounded semi-annually.
Which bank pays its savers the most interest?
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05 Solution

a).

APR=(1+1)" =1 =(1+ 22%)2 _ | L1 06167 -1 6.17%
m 12

The annual percentage rate payable on the loan is 6.17% which is greater than the quoted
nominal rate of 6.0%.
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05 Solution

b).

Bank A pays 6.60% compounded monthly. The annual percentage rate is given by

APR=(1 - l)m—l =(1 1 0'066)12— 1=1.0680 -1 =0.0680 =6.8%
m 12
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05 Solution

b).

Bank B pays 6.65% compounded semi-annually. The annual percentage rate is given by

APR=(1+—) —1=(14 5 )" — 1=1.0676 -1 =0. 0676 =6.76%
m
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05 Solution

B.

Bank A offers the greater annual percentage rate and thus pays is savers more interest
despite its lower nominal interest rate.
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05 Depreciation

At the end of this section, you should be able to:

= Calculate straight-line depreciation
» Calculate reducing-balance depreciation
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05 Straight-line depreciation

Straight-line depreciation

Straight-line depreciation is the converse of simple interest with equal amounts being
subtracted from the original asset value each year.
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05 Straight-line depreciation

Straight-line depreciation

For example,

if the original value of a machine was £20000 and after four years its value is estimated to
be £8000, then the amount of straight-line depreciation subtracted each year is
(£20000- £8000) —4 = £3000.
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05 Reducing-balance depreciation

Reducing-balance depreciation:

Reducing-balance depreciation is the converse of compound interest with larger amounts
being subtracted from the original asset value each year.
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05 Reducing-balance depreciation

The formula for reducing balance depreciation is given as

A _A,(1 —i) (5.17)

Where
A, = Value of the asset after t years taking account o f depreciation

Ao = Original value of the asset
i = depreciation rate expressed as a decimal (e.g. 5% is 0.05)
t = number of time periods, usually years .
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Example:

A machine costing £30 000 depreciates by 15% each year.
Calculate the value of the machine after five years.

What is the total amount of depreciation?
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05 Solution

Solution:

Write down any information given:

A, = £30,000
I=15/100 = 0.15
=5

Substitute these values into formula (5.17) to calculate the book value of the machine after

five years:
A _A,(1 — i)' =300001 —0.15° = £13,311.16
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05 Solution

Solution:

After five years the book value of the machine is £13,311.16 Therefore.

The total amount of depreciation is (30,000 — 13,311.16) = £16,688.84
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Example:

Five yearyafter purchase, a computer has a scrap value of £300.
The depreciation rate is 26%. Calculate the value of the computer when it was bought five
years ago.
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05 Solution

Solution:
In this example, you are required to calculate the original value of the computer when first
bought.

Write down any information given:

Ak= 300,
i =26\100 = 0.26,
=5
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05 Solution

Solution:

Substitute these values into formula (5.17)
A _A,(1 —i)
Al‘

@—0)

AO=

rearranging

300 300
= ———— = 1351.96

Ao “(1-026)5 02219
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05 Solution

Solution:

The original value of the computer five years ago was £1351.96
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05 Thank you

Thank you ..
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