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Chapter Outline

9.1 Correlation
9.2 Linear Regression
9.3 Measures of Regression and Prediction Intervals

9.4 Multiple Regression
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Section 9.1: Correlation

A relationship between two variables. The data can be represented by ordered pairs (X, y)
X Is the independent (or explanatory) variable
y Is the dependent (or response) variable

A scatter plot can be used to determine whether a linear (straight line)
correlation exists between two variables.
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Types of Correlation
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Example: Constructing a Scatter Plot

A marketing manager conducted a study 10 BNGIST A0l y e oh

determine whether there Is a linear expenses, sales
relationship between money spent on ($1000), x ($1000), y
advertising and company sales. The data are | 2.4 | 225 |
shown in the table. 1.6 184
2.0 220

Display the data in a scatter plot and

determine whether there appears to be a 2.6 240
positive or negative linear correlation or no 1.4 180
linear correlation. 1.6 184

2.0 186

g‘ 2.2 215
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Solution: Constructing a Scatter Plot

Advertising Company

B 240 . expenses, sales
2 3 ¢ 2.4 225
>

2 2 200 1.6 184

g 2 . 2.0 220
3 o

© 5 180 47 2.6 240

CAY _ 1.4 180

"X

14 16 18 2 22 24 26 1.6 184

Advertising expenses 2.0 136

(in thousands of dollars) 22 215

a' Appears to be a positive linear correlation. As the advertising
expenses increase, the sales tend to increase.
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Correlation coefficient

Correlation coefficient
A measure of the strength and the direction of a linear relationship
between two variables.

The symbol r represents the sample correlation coefficient.
A formula for ris

N2 Xy~ (ZX)(Zy) n is the number
\/an = Zx \/nZy Zy) of data pairs

a' The population correlation coefficient is represented by p (rho).
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Correlation Coefficient

The range of the correlation coefficient is -1 to 1.

® : °
-1 0 1
If »=-1thereisa If r1s close to 0 I[fr=1thereisa
perfect negative there 1s no linear perfect positive
correlation correlation correlation
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L_inear Correlation

Strong negative correlation Strong positive correlation
y y
- . . -
o o ®e o
oo ;=042 « ° r=0.07
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®0 e o co 0000
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« %o’ °°° oo 'b.o.
o e * , o
° x ® ° x
a' Weak positive correlation Nonlinear Correlation
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Example: Finding the Correlation Coefficient

Calculate the correlation coefficient for  [RSAGEEEEIROLIEN

the advertising expenditures and fg‘ f§§§f S} ($1S(E)1(1)%S) y
company sales data. What can you YT
conclude? 1.6 184
2.0 220
2.6 240
1.4 180
1.6 184
2.0 186
a' 2.2 215
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Solution: Finding the Correlation Coefficient

_ XV x2
24 225 540 5.76 50,625
1.6 184 294 .4 2.56 33,856
2.0 220 440 4 48.400
2.6 240 624 6.76 57,600
1.4 180 252 1.96 32,400
1.6 184 294 .4 2.56 33,856
2.0 186 372 4 34,596
2.2 215 473 4.84 46,225
Xx=15.8 |Zy=1634 | Xxy=3289.8|Xx° = 32.44 ¥y’ = 337,558
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Solution: Finding the Correlation Coefficient

Sx=158 Iy=1634 Xxy=3289.8 Tx’=32.44 ¥)°=337,558
n2xy—(2x)(Zy)
WnEx=(Ex) Ly (X))
8(3289.8) — (15.8)(1634)
\/8(32 44) —15.82/8(337,558) — 16342

_ 501.2
J9.88+/30,508

r~ (0.913 suggests a strong positive linear correlation. As
a' the amount spent on advertising increases, the company

=

~ 0.9129

sales also increase.
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Section 9.2: Linear Regression

* Find the equation of a regression line

* Predict y-values using a regression eguation

<]
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Regression Line

<]
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After verifying that the linear correlation between two variables is

significant, next we determine the equation of the line that best models
the data (regression line).

Can be used to predict the value of y for a given value of x.

N




Regression Line

Regression line (line of best fit)
The line for which the sum of the squares of the residuals is a minimum.

The equation of a regression line for an independent variable x and a
dependent variable y is

j}:mx-l-bh

/ \ y-intercept
Predicted Slope
y-value for
a given x-

<] o
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The equation of a Regression Line

y=mx + b where

n> X —(Tx)’ n n

* y 1s the mean of the y-values 1n the data

* Y 1s the mean of the x-values 1n the data

* The regression line always passes through the point

=g 7
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Example: Finding the Equation of a Regression Line

Advertising Company

Find the equation of the regression line for the eXpenses, sales
advertising expenditures and company sales ($1000), x ($1000), y

data. 2.4 225

1.6 184

2.0 220

2.6 240

1.4 180

1.6 184

2.0 186

g‘ 2.2 215
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Solution: Finding the Equation of a Regression Line

Recall from section 9.1:

. XV x?
2.4 225 540 5.76 50,625
1.6 184 294 .4 2.56 33,856
2.0 220 440 4 48,400
2.6 240 624 6.76 57,600
1.4 180 252 1.96 32,400
1.6 184 294.4 2.56 33,856
2.0 186 372 4 34,596
2.2 215 473 4.84 46,225
a' Xx=15.8 |Zy=1634 | Zxy=3289.8|Xx’ =32.44|Xy° = 337,558
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Solution: Finding the Equation of a Regression Line

Xx=15.8 Zy=1634 Zxy=3289.8 Xx°=32.44 ¥y’ =337,558

. ny xy—(2 x)(Z y) _8(3289.8)—(15. 8)(1634)

Y (2 x) 8(32.44)—15.8
:590;82@50.72874
b 16%4 15.8
=y —mx =

=204.25—(50.72874)(1 975)~104.0607

g‘ Equation of the regression line y = 50.729x +104.061
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Solution: Finding the Equation of a Regression Line

To sketch the regression line, use any two x-values within the range of
the data and calculate the corresponding y-values from the regression
line.

)
<

¢

& 5 =50.729x +104.061

[
)
=

\O*

Company sales
(in thousands of dollar
| \,

— . . . . X
1.4 L& 1.3 2 21 24 16 28

a' Advertising expenses
(in thousands of dollars)
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Example: Predicting y-Values Using Regression Equations

The regression equation for the advertising expenses (in thousands
of dollars) and company sales (in thousands of dollars) data Is y =
50.729x + 104.061. Use this equation to predict the expected
company sales for the following advertising expenses. (Recall from
section 9.1 that x and y have a significant linear correlation.)

1. 1.5 thousand dollars
2. 1.8 thousand dollars
3. 2.5 thousand dollars

<]
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Solution: Predicting y-Values Using Regression Equations

y=150.729x + 104.061

1. 1.5 thousand dollars

y=50.729(1.5) + 104.061 = 180.155

When the advertising expenses are $1500, the
company sales are about $180,155.

2. 1.8 thousand dollars
y=50.729(1.8) + 104.061 =~ 195.373

When the advertising expenses are $1800, the
a' company sales are about $195,373.
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Solution: Predicting y-Values Using Regression Equations

3. 2.5 thousand dollars
y=50.729(2.5) + 104.061 = 230.884

When the advertising expenses are $2500, the
company sales are about $230,884.

Prediction values are meaningful only for x-values in
(or close to) the range of the data. The x-values in the
original data set range from 1.4 to 2.6. So, 1t would
not be appropriate to use the regression line to predict
company sales for advertising expenditures such as 0.5

g‘ ($500) or 5.0 ($5000).
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Section 9.3: Measures of Regression and Prediction

MERYELS

Variation About a Regression Line

Three types of variation about a regression line

Total variation
Explained variation
Unexplained variation

To find the total variation, you must first calculate

The total deviation
The explained deviation

a' The unexplained deviation
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Variation About a Regression Line

Total Deviation = y. —y

Explained Deviation= ). —y
Unexplained Deviation = y. — J.

Y (x - Vi) Unexplained

Total | / deviation

deviation Vi~ Vi

| Y f s | Explamned

Y I (x? . deviation
@D ey
=3 I

X
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Variation About a Regression Line

Total Deviation = y. —y

Explained Deviation= ). —y
Unexplained Deviation = y. — J.

Y (x - Vi) Unexplained

Total | / deviation

deviation Vi~ Vi

| Y f s | Explamned

Y I (x? . deviation
@D ey
=3 I

X
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Variation About a Regression Line

Total variation
* The sum of the squares of the differences between the
y-value of each ordered pair and the mean of y.

Total variation = 2. (}G- -y )2

Explained variation

* The sum of the squares of the differences between
each predicted y-value and the mean of y.

a' Explamed variation = (}7, - ?)2
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Variation About a Regression Line

Unexplained variation

* The sum of the squares of the differences between the
y-value of each ordered pair and each corresponding
predicted y-value.

Unexplained variation = ( V= },}f)2

The sum of the explained and unexplained variation is
equal to the total variation.

a' Total variation = Explained variation + Unexplained variation
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Coefficient of Determination

Coefficient of determination

* The ratio of the explained variation to the total
variation.

*  Denoted by r?

» _ Explained variation
~ Total variation

@Sl aronlldeoly
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Example: Coefficient of Determination

The correlation coefficient for the advertising expenses and company
sales data as calculated in Section 9.1 is r = 0.913. Find the coefficient
of determination. What does this tell you about the explained variation
of the data about the regression line? About the unexplained variation?

Solution: %~ (0.913)

~ (0.834
About 83.4% of the variation 1n the company sales can be
explained by the variation 1n the advertising expenditures.
a' About 16.9% of the variation 1s unexplained.
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The Standard Error of Estimate

Standard error of estimate

* The standard deviation of the observed y,-values
about the predicted y-value for a given x;-value.

* Denoted by s,.

2.(y, — j}j)z n 1s the number of ordered pairs

Se¢ = n—"2 in the data set

* The closer the observed y-values are to the predicted
y-values, the smaller the standard error of estimate

a' will be.
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Example: Standard Error of Estimate

The regression equation for the advertising expenses and
company sales data as calculated in section 9.2 Is

= 50.729x + 104.061

Find the standard error of estimate.

Solution:
Use a table to calculate the sum of the squared differences of

each observed y-value and the corresponding predicted y-

=B "
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Solution: Standard Error of Estimate

2.4 225 225.81 (225 —225.81)2 = 0.6561
1.6 184 185.23 (184 — 185.23)2=1.5129
2.0 220 205.52 | (220 —205.52)2 = 209.6704
2.6 240 235.96 (240 — 235.96)2 = 16.3216
1.4 180 175.08 (180 — 175.08)2 = 24.2064
1.6 184 185.23 (184 — 185.23)2=1.5129
2.0 186 205.52 | (186 —205.52)2 = 381.0304
2.2 215 215.66 (215 — 215.66)2 = 0.4356

¥ = 635.3463

|
a' unexplained variation
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Solution: Standard Error of Estimate

© n=8, (v~ )* = 635.3463

A N2
X0, =j) 353463 14 200

TN T n=2 TV 8-2

The standard error of estimate of the company sales
for a specific advertising expense is about $10.29.

<]
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Section 9.4: Multiple Regression

Multiple regression equation
y =b+mx, +mx,+mxX;+ ...+ mX,

X1, X5, Xg,..., X, @re Independent variables
b is the y-intercept
y IS the dependent variable

* Because the mathematics associated with this concept is
complicated, technology Is generally used to calculate the multiple

g' regression equation.
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Chapter
09

Example: Finding a Multiple Regression Equation

A researcher wants to determine how employee salaries at a
certain company are related to the length of employment,
previous experience, and education. The researcher selects eight
employees from the company and obtains the data shown on the
next slide. Use Minitab to find a multiple regression equation
that models the data.

Employment Expenence Education

mployee Salary, v (vrs), x (yrs).x,  (yis), x;
A 57.310 10 2 16
B 57.380 5 6 16
C 54.135 3 1 12
D 56,985 6 5 14
E 58,715 8 8 16
F 60.620 20 0 12
g‘ G 59.200 8 4 18
H 60,320 14 6 17
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Solution: Finding a Multiple Regression Equation

MINITAB

Regression Analysis: Salary, ¥y versus x1, x2, x3

The regresszicn equation =
Salary, y = 49764 + 364 x1 + 228 x2 + 267 x3

Predictor Cosf ,  SE Coef T P
Constant (49764 1981 2512  0.000
x @64.41™  4B.32 7.64  0.002
%2 (227.6—m: 123.8 1.84  0.140
%3 (266.9%,, 1474 1.81  0.144

S - 650,490 RSg=94.4%  RSgadj) = 90.2%

The regression equation is
a' y =49,764 + 364X, + 228X, + 267X,



Example: Predicting y-Values

Use the regression equation:

y =49,764 + 364X, + 228X, + 267X,
to predict an employee’s salary given 12 years of current
employment, 5 years of experience, and 16 years of education.

$ = 49,764 + 364(12) + 228(5) + 267(16)
= 59,544

a' The employee’s predicted salary is $59,544.
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Chapter Summary

9.1 Correlation
9.2 Linear Regression
9.3 Measures of Regression and Prediction Intervals

9.4 Multiple Regression
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