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Lecture Objective M'.Q?ﬁ'.zfn

Essential information and Important notes for the Fourier series

=  Even function and odd function

»  Periodic Function

=  Fourier series

= Extra Practice



Important Notes UMN'.QQQ.Em

Formula of sin xsiny

cos(x — y) — cos(x + y)
2

sinxsiny =



Important Notes M'.'??ﬁ'.zm

Formula of cos x cos y

cos(x + y) + cos(x — y)
2

COSXCOsy =—



Even and Odd Functions M'.QQRCS'.Em

Even and Odd functions



Even Functions

If a function is such that f{—x) = f{x) for all values
of x, it is called an even function.

For example, show that f(x) = 3x* — x? + 2
IS an even function.

fl=x) = 3(=x)* = (—x)? + 2
=3x*—x2+2
- 119

fl—x) = f(x), so the function is even.



Graphs of Even Functions
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What do you notice about these graphs?

The graphs of all even functions are
symmetric about the y-axis.
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Odd Functions

If a function is such that fi—x) = —f(x) for all values

of x, it is called an odd function.

For example, show that f(x) = x® + 4x is
an odd function.

f=x) = (=x)° + 4(=x)



Graphs of Odd Functions
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What do you notice about these graphs?

The graphs of all odd functions have order
2 rotational symmetry about the origin.
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* A graph that is symmetric with respect to the x-axis is
not
the graph of a function (except for the graph of y = 0).
These three types of symmetry

y y y
(X, ,V) y
> X : J . < : > X
(=% =) (X\N
Symmetric to y-axis Symmetric to origin Symmetric to x-axis

Even function Odd function Not a function



Properties of Even and Odd Functions M'.Q?RCS'.EP”

Q1 If x has an even power, this means that the function is even
Q If x has an odd power, this means that the function is odd
U The sum of even functions gives us an even function

1 The sum of odd functions gives us an odd function
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Determine whether each function 1s even, odd, or neither:



Example— Even and Odd Functions M'.‘??&'.Em

a.g(x)=x’—x

1 x3 is an x with odd power “3”. So, it is odd function.
 x1s an x with odd power “1”. So, it is odd function.

So, x*— x is odd function because The sum of odd
functions gives us an odd function.



Example— Even and Odd Functions M'.‘??&'.Em

b. h(x)=x2+1

1 x? is an X with even power “2”. So, it is even function.
1 1s a constant number. So, it 1s even function.

So, x* + 1 is even function because The sum of even
functions gives us an even function.



Example— Even and Odd Functions M'.‘??Q.Em

c. f(x)=x3 -

1 x3 is an x with odd power “3”. So, it is odd function.
1 1s a constant number. So, it 1s even function.

So, x3 - 1is NOT EVEN function OR ODD function.
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Periodic Functions



Periodic Functions

7

A function with a pattern that repeats at regular
intervals is called a periodic function.

The interval over which a periodic function repeats is called
the period of the function.



Graphs of Periodic Functions UMN'.'?QS'.EM

For example:

This graph has a period of 2x. This graph has a period of .
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Fourier Series



|
Fourier Series MIDOCE, ITI.

First let us write down a full series of sines and cosines, with a name for all
coefficients:

(0 o) (00)
ao T : T
f(x) =— + r§1 an cos(nxT) + nz—“l bn sm(nxT)

Where:

e f(x) is the function we want (such as a square wave)
e L is half of the period of the function

e ap, a and b, are coefficients that we need to calculate!



Coefficients of Fourier Series UMN'.QQRCE'.EM

To find the coefficients ag, a,, and b,, we use these formulas:

L

= | fx) dx
sl

L
1 T
8 = T f f(x) cos(nxT) dx
-L
L
_ 1 : b
= ‘[ f(x) sin(nx 3 ) dx



Note 1

If the function f(x) is even,

= — JI: f(x) dx
0

2
dn = - J‘ f(x) cos(nx%) dx
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JIf the function f(x) is odd,
do = 0
an =0

L
b, = % v[ f(x) sin(nx%) dx
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Find the Fourier series for the

following function: Note that:

) 2
flo) = X2 (X G (n ﬂf) A
1<x<1 _ 3(95 (V’TQ}
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Find the Fourier series for the

following function: Note that:

) 2
flo) = X2 (X G (n ﬂf) A
1<x<1 _ 3(95 (V’TQ}
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flx) =2

2L =2 =
7,,\ ,

l ~
\ []
KJJ N

1 >
X




Extra Practice — Example 1 Solution UMN'.'?QS'.EM

(00) O
_ Qg T & T
f(x) ==+ El an cos(nx—L—) + n;l bn sm(nx-—L—)

O The function f(x) = x? is even

L
= [ 0 ax
0

L
an= % f f(x) cos(nx%) dx
0

bn:CI
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\
ag = i ff{x}ldx — g—-——- S /X 0/1

1
b




Extra Practice — Example 1 Solution UMN'.'?QRCS'.EA|

\
ag = i ff{x}ldx — g—-——- S /X 0/1

1
b
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\
ag = i ff{x}ldx — g—-——- S /X 0/1

1
b




Extra Practice — Example 1 Solution M'.Q?RCS'.EPH

L

2
adn = X f f(x) coa(nx%] dx
0

|
=2 [ o a3 (nth) 4

2

2 [ Ao (1)

_ 3 E 3(;5(?110]'-' = C--D
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Extra Practice — Example 1 Solution UMN'.'?QRQ'.EM

0.0

co
f(x) =%’ + ), a, cos(nx%) + ), b, Sin(nx%)

n=1 n=1

2 e,
— 3 — ”COSHX£ + 0
== +r§‘1 ——(=1) (nx-)

1 2 4 ,
— _+E nznz(_l) cos(nx 7)

3 n=1




Extra Practice — Example 2 M'.'??ﬁ'.zfn

Find the Fourier series for the following function:

2 o X ¢ TI”
g(x\:{__z

-NE XL o
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Extra Practice — Example 2 Solution UMN'.'?QR(E'.EAIT!

2 o X g TI”
Y (x) - 7 o
-2 -T'€ xg o E
—T
% S S
L= B




Extra Practice — Example 2 Solution UMN'.'?QRQ'.EM

c0 co
dp T : T
f(x) == % n;l an cos(nxT) + n;i bn sm(nxT)

O The function f(x) is odd
apg = 0

an = 0
L

b, = % J: f(x) Sin(nx%) dx



Extra Practice — Example 2 Solution "’1'995'.5%

bn % J]:f(x) sin(nx-—) dx
-L § | -
b - "7\?1 SG ) Sin(w *)0’?“)(9') Sim () N
n _ R 5
A L
En=_)——i~[2-—5\4""” ] =N [ie\iﬁmgl
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Extra Practice — Example 2 Solution UMN'.'?QS'.Em

Co
= Z b, sin(nx%)

n=1

?-(X): éti vffﬁ. [ \ - (—\Kxi‘;w("\%)




Lecture Summary M'.QQRCS'.% |

Essential information and Important notes for the Fourier series

= Even function and odd function

=  Periodic Function

»  Fourier series

= Extra Practice
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